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ABSTRACT 
This thesis examines some of the difficulties involved in shape 
modelling fov problems involving trapped fluid motion over the 
continental margin. Edge wave solutions, to the linearized long 
wave equations, are sought for a number of margin profiles. In the 
analysis, full account is taken of the effects of horizontal divergence 
and the earth's rotation, analytic forms being presented for both high 
frequency as well as low frequency oscillations. 
In particular, the early chapters examine the sensitivity of 
these trapped boundary waves to variations in the physical shelf 
parameters; initial depth at the shore (h^), initial slope at the 
shore (h^) and the shelf width (L). The results of this investigation 
suggest that the dispersive properties of edge waves over convex 
exponential depth profiles are sensitive to changes in all three of 
these physical shelf parameters. However, independent specification 
of these parameters has not been possible with the two parameter 
depth profiles considered to date. Improved shape modelling is 
considered in Chapter 4, where the solutions are presented for both a 
generalized (three parameter) convex exponential shelf profile as well 
as for a generalized concave exponential beach profile. 
The remaining chapters consider margin profiles of a more general 
nature. It is conjectured in Chapter 5 that tidal phase lags around 
large hays and gulf8 can he explained in terms of simple harmonic 
edge waves propagating around a constant depth circular region. 
Finally^ in Chapter the possible interaction of trapped mid-
oceanic boundary waves with a nearhy coastline is examined hy 
considering a trench-ridge topography adjoining a semi-infinite 
straight coastline. 
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1. GENERAL INTRODUCTION 
The term "edge wave" appears to have been originally given by 
Lamb (1932) to describe trapped boundary waves whose amplitudes decrease 
exponentially as the distance from the shore increases. Since then the 
existence of two distinct classes of edge waves has been established 
[Reid (1958)]. Class I (inertiogravitational) edge waves are high 
frequency, topographically trapped waves, capable of propagating in 
either direction along the coastline. Class II (quasigeostrophic) 
edge waves are low frequency, rotationally trapped waves, which can 
propagate in one direction only along the coast (north to south on the 
eastern seaboard in the Northern Hemisphere). In some of the more 
recent literature [e.g. Münk, Snodgrass and Wimbush (1970)] the term 
edge wave is reserved for describing Class I trapped waves, whereas 
the rotationally trapped. Class II waves, are referred to as shelf 
waves. However, throughout this thesis Lamb's wider definition is 
adopted and extended to include all forms of trapped boundary waves. 
Thus, in addition to trapped coastal boundary waves, the term 
"edge wave" is also taken to embrace trapped mid-oceanic boundary 
waves, such as the double Kelvin waves reported by Longuet-Higgins 
(1968a). 
Edge wave solutions of the linearized surface-wave equations 
were first reported by Stokes (1846). He observed that a semi-infinite 
sloping beach may support trapped surface gravity waves, which travel 
along the shore, with an amplitude that decays exponentially with 
distance from the shore. Eckart (1951), using the shallow water, 
hydrostatic pressure approximations, and later Ursell (1952), 
imposing no restrictions on the vertical pressure gradient, have 
shown that Stokes' edge wave is the fundamental mode of a discrete 
spectrum of edge wave modes. These modes are the high frequency, 
inertiogravitational edge waves. 
Reid (1958) investigated the effect of the earth's rotation 
on these high frequency edge waves and also discussed the existence of 
low frequency, quasigeostrophic edge waves on a semi-infinite sloping 
beach. The fundamental differences between these two classes of edge 
waves are clearly summarized in the paper. In particular, it is noted 
that there is a basic difference in character, between the fundamental 
mode inertiogravitational edge waves that propagate to the right and 
those which propagate to the left (facing shore from the ocean in the 
Northern Hemisphere). For sufficiently small wave lengths both of 
these modes merge into gravitationally trapped (Stokes* type) edge 
waves. However, for large wave lengths, the mode that propagates to 
the left (and this mode only) merges into rotationally trapped 
(Kelvin [Thomson (1879)] type) waves. It is this particular mode that 
separates the gravitationally trapped, Class I, edge waves from the 
rotationally trapped. Class II, edge v/aves. The effect of the earth's 
rotation on the high frequency, inertiogravitational waves is to 
produce a significant split in frequency, such that for a given 
longshore wave lenth, the period of a wave mode progressing to the 
right is less than that of the wave mode progressing to the left. 
Also, the phase speed of waves progressing to the right is greater 
than that of waves progressing to the left. Johns (1965) extended 
this treatment to steeply sloping shelves where the hydrostatic 
pressure approximation, assumed by Reid, was no longer valid. He 
concludes that the Coriolis effect is of decreasing significance as 
the slope of the shelf increases and that the theory developed by 
Stokes is ultimately applicable. 
These early articles, while developing the general properties 
of edge waves, have all modelled the continental shelf as a plane 
sloping, semi-infinite sheet. This depth function, while possibly 
approximating some near-shore beach profiles, is not representative 
of the overall shape of many typical continental margins. Clarke 
(1970a, 1974a) has examined the properties of standing waves (in the 
longshore direction) over the continental shelf off Sydney. He points 
to the need for an improved selection of shelf profiles. There are 
two chapters in this thesis (3 and 4) devoted to improved shape 
modelling for problems involving oscillations over the continental 
shelf. 
Early attempts at improved shape modelling were given by 
Hidaka (1935) and Olsen (1952) who considered standing waves on semi-
infinite sheets defined by 
h(x) = h^ (1 + 4)^, 
and 
h(x) = (1 + —) respectively. 
These models had the advantage of allowing for variations in the depth 
at the coastline as well as in the initial shelf slope. However, it 
was not until Robinson's (1964) article that a significant step was 
made towards modelling real continental margins, such as those 
illustrated by von der Borch (1967), with gently sloping shelves and 
deep plunging cut-offs. The model consisted of a gently sloping 
shelf of finite width truncated by a vertical drop into an ocean of 
constant depth and was able to offer an explanation of an apparent 
anomaly in a paper by Hamon (1962). Further analysis of this truncated 
shelf profile was given by Mysak (1968) who discussed the effects of 
shelf width and truncation on both Class I and Class II edge waves. 
In particular it was shown that the shelf width plays an increasingly 
important role in the determination of the wave modes as the longshore 
wave length increases beyond the shelf width. 
More recently Clarke and Louis (1975) have presented a full 
analysis of the geologically attractive, convex exponential, profile 
of Buchwald and Adams (1968). The effects of shelf truncation and 
the pertubation of shelf parameters were considered for both classes 
of edge waves. The results of this investigation are given in 
Chapter 3. As may be expected, many of the results conform to those 
obtained by Mysak. However, one interesting contrast with Mysak's 
results is that the semi-infinite exponential shelf does not support 
quasigeostrophic edge wave modes. Also, the exponential shelf has 
more felixibility in that it allows for variations in the depth at 
the coastline as well as shelf width and slope. Numerical 
computations suggest that all the above three physical shelf parameters 
can play an important role in determining the behaviour of the edge 
wave modes over this shelf. However, the analysis is restricted in 
so far as independent variation of these parameters is not possible 
for this two parameter shelf profile and is accordingly extended in 
Chapter 4. 
In Chapter A the theory is extended to a generalized (3 parameter) 
convex exponential profile. This allows the effects of variations in 
the parameters to be resolved. For example, it is shown that variations 
in the near-shore shelf parameters have a fundamentally different effect 
on the phase and group velocity properties of high frequency edge waves 
than do variations in off-shore parameters. 
The properties of low frequency edge waves over a single step 
topography have been examined by Longuet-Higgins (1967), Summerfield 
(1969) and Larsen (1969). The article by Longuet-Higgins reviews the 
principle of wave trapping for both Class I and Class II edge waves, 
treating in detail the case of an island surrounded by a circular sill. 
In particular, it is shown that perfect trapping is not possible for 
circular symmetry unless the depth at infinity, increases indefinitely, 
as the square of the radial distance from the origin. This contrasts 
with the case of a straight coastline, where high frequency wave energy 
may be trapped by parallel bottom contours, provided the depth at 
infinity is greater than the square of the wave velocity, divided 
by the acceleration due to gravity. Summerfield's article persues 
this analysis in an attempt to explain the structure of long wave 
records taken at Macquarie Island [Summerfield (1967)]. Larsen 
has presented the dispersion relations for this topography and 
applies the results to the coast off Central and Southern 
California. He obtains two solutions, one of which corresponds 
closely to the Kelvin wave solution, the other to the quasigeostrophic 
solution of Reid. However, the analysis does not detect the higher 
order edge wave modes as these are induced by the finer details of 
the shelf structure. 
Ball (1967) has also obtained Kelvin waves and Reid*s edge 
waves as limiting cases of the exponential profile 
h(x) - h^ d-e'"̂ ''). 
Huntly and Bowen (1973) and Clarke (1974b) have both shown that this 
concave exponential profile is quite useful for modelling certain 
near-shore beach profiles. In Chapter 4 the theory is also presented 
for a generalized (3 parameter) concave exponential beach profile. 
In particular, this allows for variable depth at the shore as well as 
independent variations in the shelf slope and the depth at infinity. 
Münk, Snodgrass and Wimbush (1970) have also examined the 
properties of both Class I and Class II edge waves, trapped against 
a straight coastline with shelf. Their article treats the step shelf 
in detail, with particular emphasis on the off-shore tidal response 
near the Californian coast. 
The first evidence that oceanic edge waves do occur in nature 
appears to have been given by Münk, Snodgrass and Carrier (1956) who 
analysed the resurgent water level disturbances caused by hurricanes, 
travelling parallel to the coastline, from the standpoint of forced 
Class I edge waves. Using a simple mathematical model for the pressure 
distribution and assuming quasi-steady state conditions, they obtained 
periods of resurgences in close accord with some actual observations. 
Greenspan (1956) extended the theory to a more comprehensive situation 
by treating the transient problem with a Gaussian pressure 
distribution. The effect of the earth's rotation on these high 
frequency forced edge waves was examined by Kajiura (1958). In 
general, it was found that in the presence of rotation, movement of 
atmospheric pressure systems to the left was more favourable for 
exciting resurgent edge waves, than movement to the right. A somewhat 
similar emphasis has been discussed by Buchwald and de Szoeke (1970) 
and by Clarke (1970a). The latter author has considered the 
possibility of large amplitude waves at the coast being maintained by 
periodic surges off the shelf. 
Snodgrass, Münk and Miller (1962) have examined the presence of 
long period waves in the background spectra for ocean waves over 
California's Continental Borderland. The results of their investigation 
indicated that the observed waves were not only the ones that cross 
the shelf from the deep ocean (leaky modes) but that comparable 
energy was also present in "trapped" waves which were somehow 
excited over the shelf. Later, in an experiment to separate the 
trapped and leaky modes, Münk, Snodgrass and Gilbert (1964) concluded 
that most of the long wave energy was concentrated in the trapped 
modes. The treatment within this thesis examines the theoretical 
properties of these trapped boundary waves for a number of 
continental margin profiles. 
Further observational evidence of edge waves existing along 
continental boundaries has been given by Irish and Snodgrass (1972), 
in their study of the Australian-Antarctic tides. They show that 
the observed diurnal tide can be interpreted as a Kelvin wave 
propagating westward along the Antarctic coast, and a slightly smaller 
one travelling eastward along the south coast of Australia. However, 
this simple Kelvin wave analysis fails to explain the behaviour of 
the semi-diurnal tide and they conclude that a more general model, 
including the effects of dissipation, needs to be examined. More 
recently, Louis and Radok (1975) have conjectured that tidal phase 
lags around large bays and gulfs can be explained in terms of simple 
harmonic edge waves propagating around a constant depth circular region. 
In Chapter 5, an application of this theory is given to explain the 
tidal behaviour in the Joseph Bonaparte Gulf and the Gulf of 
Carpentaria. In particular, the observed phase trends in the 
Joseph Bonaparte Gulf are shown to be well correlated with those 
predicted for a circular gulf with a radius of 190kin and a depth 
of 80m. Bowen and Inman (1971) and Clarke (1974b) have both 
shown that there may also be evidence for the existence of high 
frequency edge waves, on a much smaller scale, in the presence of 
cresentic sand bars on certain near shore beach profiles. 
Evidence for the existence of Class II edge waves has been 
given in the article by Robinson (1964) where he endeavoured to 
correlate these low frequency edge waves with the non-hydrostatic 
response of sea level to atmospheric pressure changes, as reported 
by Hamon (1962, 1963). In a later investigation, Hamon (1966) 
concluded that the sea level set up induced by the on-shore wind 
stress was too small to account for the observed anomalies in the 
barometer factor, but that the observations suggested the presence 
of travelling continental shelf waves on both the east and west coasts 
of Australia. The latter suggestion was supported by the existence of 
time lags in the adjusted mean sea levels between neighbouring coastal 
stations. More specifically, the lags on the east coast suggested the 
presence of a northward travelling wave while those on the west coast 
indicated a southward travelling wave. Although these are the 
expected directions of propagation for continental shelf waves, the 
observed wave velocities on the east coast are significantly higher 
than the theoretical predictions given by Robinson (1964) or Hamon 
(1966). Hamon (1966) suggests that this discrepancy may be due to the 
finite gradient of the continental slope. Mysak (1967a) shows that 
with a continental slope the velocity of shelf waves is increased by 
approximately 30%. However, the theoretical wave speeds on the east 
coast still lie outside the error bounds of the observed speed. In 
Chapter 3, it is shown that improved correlation, between the observed 
and predicted phase lags on the east coast, may be obtained by 
considering a convex exponential depth profile. Also, first order 
account is taken of variations in the Coriolis parameter and shelf 
width, along the coast. In a similar study, Mooers and Smith (1968) 
and later Cutchin and Smith (1973) have found evidence for the 
existence of a continental shelf wave propagating northwards along 
the coast of Oregon. Mysak and Hamon (1969) have suggested that a 
similar wave propagates southwards along the east coast of the 
United States. 
Although the above evidence suggests the presence of 
travelling waves over some continental margins, the way in which these 
shelf waves are energized is not well understood. Robinson (1964) 
theorized that these shelf waves may be excited by a plane-wave 
pressure distribution, of similar frequency, propagating in the same 
direction as the wave motion along the shoreline. In a slightly more 
realistic theory, Mysak (1967b) has examined the response of the 
adjusted shelf sea level to arbitrary atmospheric pressure distributions 
and has obtained good agreement between the theoretical and observed 
sea level spectra at Sydney. More recently, Adams and Buchwald (1969) 
have speculated that wind stress, associated with the longshore 
component of the geostrophlc wind, may be an Important mechanism In 
the generation of continental shelf waves. 
In addition to the trapping of wave energy along continental 
margins, Longuet-Hlgglns (1967) and Rhlnes (1969b) have shown that 
long wave energy may also be trapped by Isolated features on the sea 
bed, or channelled along step discontinuities In depth In a shallow 
rotating sea [Longuet-Hlgglns (1968a, 1968b)]. These latter waves 
were named 'double Kelvin waves', since the energy Is propagated 
along the discontinuity In the same sense as a Kelvin wave (with the 
deeper water to the right In the Northern Hemisphere), and falls off 
exponentially on either side. Buchwald (1968) has considered the 
trapping of high frequency waves over mld-oceanlc ridges, and suggests 
that these ridge waves may be an Important contributing cause of the 
observations of long waves at Islands [Summerfleld (1967)]. Further, 
Mysak (1969) has considered the possible generation of double Kelvin 
waves by either transient or time-periodic wind stresses. The 
subsequent propagation of these waves, along ridges and discontinuities 
on the ocean floor, has been examined in some detail by Rhlnes (1969a). 
The question now arises; how and under what circumstances can these 
ridge waves Interact with a nearby coastline? In Chapter 6, this 
question is examined analytically by considering the properties of 
trapped waves over a trench ridge topography adjoining a semi-infinite 
straight coastline. In particular, it is shown that as the separation 
between the ridge and the coastline decreases, the effect of the 
coastline becomes significant, and a transfer of energy occurs from 
the off-shore ridge mode to the coastline, at long wave lengths. 
The final Chapter gives a resumé of the conclusions of the 
thesis. 
2. MATHEMATICAL INTRODUCT i ON 
The basic equations to be used in the subsequent chapters of 
this thesis will now be developed . 
2.1 Equations of motion 
The Eulerian equations for the motion of an incompressible, 
non-viscous fluid in an inertial frame of reference, may be written 
as 
dt ~ p ' 
where the inertial forces, body forces and the pressure gradient force 
balance each other. The vector u consists of the velocity components 
of a fluid particle, relative to the absolute frame; X is the vector 
of body forces per unit mass; p is the pressure at a point within 
the fluid; and p is the density of the fluid, assumed constant. 
Throughout this thesis, the fluid motion is referred to the 
non-inertial frame of reference in which the origin is chosen in the 
undisturbed free surface of the fluid with Ô ^ eastwards, Oy northwards, 
and Oz vertically upwards. This relative frame is rotating with the 
angular velocity 2 of the earth. Thus, in the relative frame two 
apparent forces occur. Per unit mass they are 
a) the Coriolis force ""2gxu , 
and b) the centrifugal force -QxCgxr ), 
where r is the absolute position vector of a fluid particle and u 
is a vector of relative velocity components (u,v,w). Hence (2.1) 
reads in the relative system 
du , 
+ 2iixu = X - (2.2) dt ~ ~ ~ p 
where the centrifugal force is included in the body force term as a 
modification to the gravitational force. The external body forces, like 
the attraction of the sun and moon, are taken as zero. Hence the 
components of X are given by 
X = (0,0,-g) , (2.3) 
where g is the apparent acceleration due to gravity. 
The components of £ in the relative system are given by 
2 = (0,fl Sin Cos 6), (2.4) 
where 6 is the co-latitude angle and fi = . Thus, the Coriolis term 
on the left side of (2.2) has components 
{ 2 ^ Sin 6 - 2i2v Cos 9, 2fiu Cos 0, -2i2u Sin 6). 
(2.5) 
Since long wave theory is applied throughout, it is assumed 
that 
w << u,v (2.6) 
i.e. vertical accelerations are negligible. Further, the third 
component of (2.5) is negligible compared with g in (2.2). Hence 
the Coriolis term (2.5) may be taken as 
2fixu = (-fv, fu, 0), 
where f, the Coriolis parameter, is defined as 
f = Cos e. 
(2.7) 
(2.8) 
In addition to (2.6), it is assumed that the wave height (c) 
is small compared with the depth (h), 
i.e., 
C « h. (2.9) 
and that wave slopes and velocities are small, so that 
du 
dt 
du »V/ 
Ft 
= u (2.10) 
With the assumptions underlying equations (2.3), (2.7) and 
(2.10), the component equations of (2.2) may now be written as 
i _ f V = - i , 
p ax 
V + fu , 
p 3y 
(2.11) 
and 
A 1 l £ 0 =s ^ 
^ P 8Z 
(2.12) 
Integration of the 3rd component equation (2.12) yields the pressure, 
at any point within the fluid. 
as 
P = Po + Pg(C-z) , 
where po is the atmospheric pressure, assumed constant 
(2.13) 
Substitution of p from (2.13) in (2,11) yields the two dimensional, 
shallow-water equations of motion on a rotating earth as 
u - fv = -g 3x ' 
and 
V + fu = - 9C 
(2.14) 
2.2 Equation of Continuity 
The equation of continuity of an incompressible, homogeneous 
fluid is 
i.e., 
div u = 0, 
3u ^ ^ ^ aw 
3x 3y dz 0. (2.15) 
The horizontal velocity components in long waves, whose pressure 
distribution is given by the hydrostatic equation (2.13), are 
independent of depth. Vertical integration of (2.15) over the entire 
water column, under assumption (2.9), then gives 
i.e., 
ro 
3x dz + 9y dz + 
ro 
3w 
3z dz = 0, 
-h -h -h 
ro 
ax udz - [u] 
ah ^ a 
z=-h ax ay 
vdz - r 1 ^^ 
-h -h 
+ [w]° = 0. 
z=-h 
(2.16) 
The boundary condition at the surface may be taken as 
w 3t at z = 0, (2.17) 
to a first approximation. 
The boundary condition at z = -h is 
w 3h ah -u 1 V 9y at z = ~h. 
(2.18) 
i.e., no flow through the bottom. Thus, from (2.16), the continuity 
equation now reads 
l^(hu) ^ l^(hv) = -C . (2.19) 
2.3 Combined Differential Equation for Wave Height 
The equations of motion (2.14), together with the continuity 
equation (2.19), constitute a system of equations for u, v and c 
which satisfies all boundary conditions with respect to z. It 
follows from (2.14), that 
at- + f2 
and 
3t' + f2 
^ (2.20) 
Elimination of u and v from (2.20) and the continuity equation (2.19), 
yields the differential equation for C as 
'a 
+ ^ Zh-V] c + I k-VhxB - 0 (2.21) 
where 
~ ~ 8x 9y ~ 
For time periodic processes, i.e., u, v, c ® e one 
obtains from (2.20) and (2.21), the time reduced equations 
and. 
u - L ^ t l l -
dx o dy 
-1. - 1 1 A . 
3y " a 8x C, 
V^ + 
1 f — i - + ~ Vh*V + i T k-VhxV gh h ~ ah ~ ~ 0, 
(2.22) 
(2.23) 
where o is the frequency of the oscillation in rad/sec. In the 
special case where the undisturbed water has uniform depth, Vh 
vanishes and (2.23) reduces to 
0. (2.24) 
2.4 Boundary Conditions 
The boundary conditions at z « 0 and z » -h have been 
satisfied by vertical integration of the continuity equation (2.15) 
over the entire water column. The kinematic conditions at a 
horizontal boundary require that the wave height (c) and the normal 
component of volume flux (hu*n) are continuous across the boundary. 
[See for example, Bartholomeusz (1958)]. It follows from (2.22) that 
the horizontal boundary conditions require that 
C is continuous. (2.25) 
and that. 
- 1 + i i J . 
3n a ds 
C is continuous. (2.26) 
where n and s are measured normally and tangentially to the boundary 
in the same right-hand sense as x and y. 
Certain mathematical difficulties arise from the requirement 
to satisfy the second boundary condition (2.26) at a sharp discontinuity 
in depth. In the neighbourhood of such a discontinuity vertical 
accelerations may not be negligible. Therefore it appears unlikely 
that long wave theory will correctly describe the details of fluid 
motion, near such a discontinuity. However, Bartholomeusz (1958) has 
shown that provided the wave length (X) is large (X >> h) then shallow 
water theory, as used by Lamb (1932), does give the correct reflection 
coefficient for long waves incident on a step. Also, Miles (1967) and 
Buchwald and Adams (1968) comment that (2.26) is the correct physical 
constraint, along with (2.25), to impose on the motion of long waves 
at a discontinuity in depth. 
Physically acceptable solutions of (2.21) must require that 
C is finite at all times. Also, at a rigid wall it is required that 
the normal component of mass flow is zero. Hence the boundary 
conditions at the coast are taken as 
8n a 3s C = 0, (2.27) 
where there exists a vertical barrier at the coa or as 
C finite, (2.28) 
over a sloping boundary at the coast. At first, it may appear that 
the shallow water approximation (2.9) provides the stronger constraint, 
C = 0, at a sloping coastline (where h = 0). However, as (2.9) is 
clearly not satisfied in this instance, it is not to be expected that 
the behaviour of the near-shore surf zone will conform to shallow 
water theory. On the other hand, if the differential equation (2.23) 
has a regular singular point at the origin, then the corresponding 
wave height solution remains valid (at least mathematically) in the 
region of x = 0. Also, it is clear that in this surf zone the wave 
height C must remain finite, hence (2.28) is taken as the boundary 
condition at a sloping coastline. 
At an infinite distance from the coast there are two possible 
boundary conditions depending on whether the oscillation exists in 
its own right (Trapped mode) or is maintained by a wave from the deep 
ocean (Leaky mode). Within this thesis the properties of freely 
propagating trapped edge waves only will be considered. The appropriate 
boundary condition is that 
C = 0, (2.29) 
at infinity. An alternative form of this off-shore boundary condition 
will be derived in the next section. 
2.5 Differential Equation and Boundary Conditions for 
Edge Waves along a Straight Coastline 
Edge waves along a continental margin are considered as 
standing waves normal to the coastline and propagating along the 
coast with wave number m. Since the equations of motion (2.14) are 
invariant under a horizontal rotation of the co-ordinate axes, there 
is no loss of generality in choosing Oy parallel to the coastline. 
Thus periodic edge wave solutions are found by letting 
h = h(x) , (2.30) 
and 
u.v.C (2.31) 
i.e., simple harmonic waves propagating in the positive y direction 
(a > 0). The longshore wave number m will be assumed to be positive 
always, so that a < 0 represents a wave travelling in the negative y 
direction. Combining (2.30) and (2.31) with (2.21) yields the 
differential equation 
d ih «»«ì 1 dx dx *r 
a^-f^ 'J, mf dh - m^h -g cr dx 0, (2.32) 
which,together with the appropriate boundary conditions, governs 
the fluid motion over the margin. 
Choosing the coastline at x = 0, and with as the off-shore 
direction, it follows that and that f ^ ^ l ^ • Thus, for the 
freely propagating edge waves defined by (2.31), the coastal boundary 
conditions (2.27) and (2.28) take the forms 
and 
d^ mf 
dx a 
C finite 
0 at X = 0, 
at X = 0. 
(2.33) 
(2.3A) 
For a semi-infinite continental margin the boundary condition 
for trapped waves (2.29) requires that 
C 0 as X «0. (2.35) 
However, when the continental shelf is not semi-infinite in extent, 
but is truncated by an ocean of constant depth (H), an alternative 
form of the off-shore boundary condition (2.35) is desirable. Denoting 
the shelf and oceanic regions by the subscripts (s) and (o) 
respectively, then, at the edge of the shelf (x = L), the boundary 
conditions (2.25) and (2.26) require that 
'S Co at X = L, 
and 
mf 
dx H 
dK. 
dx a ^o at X = L, 
(2.36) 
where h^ (= h(L)) is the depth at the edge of the shelf. Since the 
oceanic region has uniform depth, the differential equation (2.32) 
reduces to 
H fohil 2J m-̂ H Co == 0 (2.37) 
The solution of (2.37) satisfying the boundary condition (2.35) is 
Co = Ae , (2.38) 
where, 
.2 -= (in2 + gH ) > 0. 
Combining (2.38) with (2.36) yields the boundary condition at the 
edge of the shelf as 
dx 
mf 
a 
H - 1 + r H Cg = 0 at X = L. (2.39) 
When H = h^, there is no discontinuity at x = L and (2.39) reduces to 
dCs 
dx + rCg = 0 at X = L, (2.40) 
which is the boundary condition for trapped waves given by Caldwell, 
Cutchin and Longuet-Higgins (1972). 
2.6 Differential Equation and Boundary Conditions for 
Edge Waves Around a Circular Coastline 
In Chapter 5, the properties of simple harmonic edge waves 
propagating around a constant depth circular gulf are examined. For 
this study it is convenient to take polar co-ordinates (r,e) in the 
horizontal plane, with the origin centred in the gulf. In polar 
co-ordinates the Laplacian operator has the form 
1 3 
Hence (2.24) yields 
^ ^ ^ ^ ^ ¡H ^ = 
as the differential equation governing fluid motion in a constant 
depth circular region. 
3 9 3 1 9 At a circular boundary (r » a), and • 
Thus, the coastal boundary condition (2.27) becomes 
» 0 at r = a. (2.42) 3 f 1 3 3r a r 96 
Also, the condition (2.28) must be satisfied at all points within 
the region. Hence the boundary condition at the origin is taken as 
Ç finite at r « 0 . (2.43) 
2.7 Numerical Techniques 
For a fixed m (or a) the solution of the differential equation 
(2.32), subject to the appropriate coastal and off-shore boundary 
conditions, constitutes an eigen value problem in a(or m). Thus, 
free oscillations over a continental margin will only occur at 
discrete eigen frequencies defined by the dispersion relation 
o = o(m). The corresponding eigen functions yield the wave height 
profile C(x). Throughout this thesis analytic* solutions, of this 
boundary value problem, will be considered for a number of depth 
profiles h = h(x). Such shape modelling provides valuable insight 
into the characteristics of fluid motion over real continental 
margins. However, in some instances it may be desirable to examine 
edge wave solutions over continental margins with arbitrary depth 
profiles. The complexity of this larger problem requires the use of 
numerical, rather than analytic, techniques. 
*As distinct from numerical 
With this latter point in view, a Fortran IV computer program 
has been developed to calculate the dispersion curves for the free 
edge wave modes possible over an arbitrarily shaped continental shelf, 
truncated by an ocean of constant depth. Within this program the 
differential equation (2.32) is integrated numerically by a 4th order 
Runge-Kutta integration scheme. For reasons of stability this integration 
procedure is carried out backwards from the off-shore boundary at x = L 
to the coastal boundary at x » 0, where it is assumed that a vertical 
barrier exists. The dispersion curves are then produced by searching the 
(a-m) plane for points where both the boundary conditions (2.33) and (2.39) 
can be satisfied. The corresponding wave heights are given as a by-product 
of the integration procedure. 
In the case where only high frequency oscillations need to be 
considered, the above boundary value problem may be approximated by 
the problem: Solve 
subject to 
and 
dx 
dx 
dç 
dx ^^^ - m^h g C = 0, 
0 at X = 0, 
Ç ->• 0 as X ». 
(2.44) 
Since the set of equations (2.44) is now in the form of a standard 
Sturm-Liouville boundary value problem, large savings in computational 
effort may be obtained by applying the Galerkln method from the 
calculus of variations (Kantorovich and Krylov, 1958: 258-262). 
Other applications of this method to hydronomical problems have been 
extensively discussed in Clarke (1968, 1970a, 1970b and 1971). 
Within the subsequent chapters of this thesis, the basic 
equations developed here will be used to examine the properties of 
freely propagating trapped boundary waves over a number of analytic 
depth profiles. 
3. EDGE WAVES OVER AN EXPONENTIAL CONTINENTAL SHELF 
Buchwald and Adams (1968) have considered the exponential 
profile h(x) » ^q®^*» truncated at x = L, as an approximation of the 
continental shelf topography off Sydney. In their solution they 
considered low frequency Class II edge waves only, thereby 
justifying the neglect of horizontal divergence. Caldwell, Cutchin 
and Longuet-Higgins (1972) included the horizontal divergence in their 
experimental study of Class II edge waves over an exponential profile. 
They pointed out that the neglect of horizontal divergence in their 
experimental model caused large percentage deviations in the dispersion 
analysis. Buchwald (1973) carried out a pertubation solution on his 
non-divergent equations to show that, in the sea, the neglect of 
horizontal divergence was justified. 
This chapter presents the full solution for this exponential 
shelf profile, including horizontal divergence, both for the low 
frequency Class II edge waves as well as the high frequency Class I 
edge waves. The effects of shelf truncation and the pertubation of 
the shelf parameters are also considered. Finally, the free response 
of an exponential shelf to moving pressure distributions is examined. 
The east coast of Australia is considered as an example, first order 
account being taken of variations in the Coriolis parameter and shelf 
width. 
3.1 The Shelf Model and its Solution 
Consider a continental shelf, bordered by an infinite and 
straight coastline, whose depth profile in the offshore direction 
(the x-axis) is given by 
h = h^e^"", (3.1) 
where h^ and a are parameters to be specified depending on the 
topography of the continental margin. Two separate continental 
margins will be examined, viz. 
(i) the shelf is semi-infinite in extent, 
and (ii) the shelf is truncated at a distance L from the 
shore and is bordering on a semi-infinite ocean of 
aL 
constant depth H = h^e . Representative values of 
the shelf parameters, for the margin near Sydney, are 
[Buchwald and Adams (1968)] 
ho - 70m, H = 5Km, L = 80Km, and a = 5.34 x lO-^"^. 
Choosing the z-axis vertically upwards and the y-axis along the 
coastline so as to form a right-handed system, then the differential 
equation for edge wave solutions over the margin is (2.32), i.e.. 
dx i h f 1 + dx - m^h - ^^ ^^ 0. (3.2) g a dx 
Substituting for h, from (3.1), gives the differential equation governing 
fluid motion over the shelf region as 
ax d^c . ax dc . r̂-J- + ae J + dx'' dx 
'(j2_f2 ^f — m^ m-̂ e ae 0. 
The transformations 
and 
X = (3.3) 
Z = X (3.4) 
then yields the Bessel equation 
X2 0 + X ^ + (k2X2 - v2)Z » 0, (3.5) 
where 
K2 - 4(a2 - f2)/a2gh^, (3.6) 
and 
v2 . 4m2/a2 + Amf/aa + 1. (3.7) 
The general solution of (3.5) Is, with (3.4), 
B X J^(kX), V non Integral , 
C = A X J^(KX) + (3.8) 
B X Y^(kX), V Integral . 
When either K^ or v^ is negative it will be replaced by the positive 
quantity 
= k:2 < 0, (3.9) 
or = < 0. (3.10) 
The case where v^ < 0 and k^ < 0 is of particular interest in 
that it corresponds to the quasigeostrophic (continental shelf wave) 
region of the a-m plane. In this region the general solution (3.8) 
may be written as 
C = X{A (mX) + B I^^^(pX)}, (3.11) 
where 
Il6(UX) - i 
rir 
^ m X C o s 
(3.12) 
1 Slnh(5ir) 
w 
00 
-pX Cosh tr^ 
e [Cos(6t) - i Sln(6t)]dt 
which is , in general, complex. However, since only real solutions 
to the problem are sought, the constants A and B must be chosen to be 
complex conjugates (C + iD). This leads to the real solutions 
C « X ®Cosh(6e)de - ^ 
fCO 
^-MX Cosh 
- O 
+ D 
2 Sinh(6t) 
ir 
~mX Cosh t^ 
e Cos(6t)dt (3.13) 
for the wave height of quasigeostrophic waves. 
The high frequency (inertiogravitational) region of the a~m plane 
corresponds to > 0. The form of the general solution in this region 
is given by (3.8) and is real, in general, only for real values of v. 
However, when v^ < 0 this solution may be written as 
C - X 
f 1 • c 
ir 
C o s ( k X Sin e)Cosh(6e)de -
2 Sinh(6Tr) 
TT 
^-^X Sinh tg^^^^^j^^ 
+ D 
-2 
TT 
IT 
Sin(icX Sin 6)Sinh(6e)cie + 
2 Sinh (Sir) 
TT 
- k X Sinh t ^ /jc^Nj^ 
e Cos(6t)dt 
(3.14) 
where the constants A and B [in equation (3.8)] are chosen to be complex 
conjugates as before. 
Since the shelf profile (3.1) has a vertical barrier at x = 0, 
the appropriate boundary condition at the coastline is (2.33), viz. 
- C - 0, X = 0. (3.15) dx a 
For a semi-infinite shelf trapped edge waves require 
C 0, X (3.16) 
For the truncated exponential shelf bordered by a semi-infinite ocean 
of constant depth the off-shore trapping criterion (3.16) may be 
conveniently replaced by the boundary condition (2.40), at the edge of 
the shelf, i.e. 
rc = 0, X « L, (3.17) dx 
where 
r2 « m2 + (f2-.a2)/gH > 0. (3.18) 
Transforming the boundary conditions (3.15), (3.16) and (3.17), 
by (3.3) gives 
+ = 0, X « 1, (3.19) dX aa 
at the coastline, 
C 0, X 0, (3.20) 
at infinity, 
and X - — C = 0, X = A, (3.21) dX a 
at the truncation x = L, where 
. -%aL (3.22) 
Similarly, the semi-infinite exponential shelf has the 
transformed depth profile 
-2 h = hoX , 0 < X ^ 1, (3.23) 
while the truncated one has the profile 
h^x"^, A < X « 1, 
H, X $ A, 
h = (3.24) 
where 
H = h^A"^. 
3.2 Dispersion Relation; Semi-Infinite Shelf 
The dispersive properties of edge waves over the semi-infinite 
exponential shelf will now be examined by applying the appropriate 
boundary conditions (3.19) and (3.20) to the general wave height 
solution (3.8). 
The behaviour of the ç-solution, (3.8), near X = 0 is determined 
from the limiting forms of the Bessel functions J, Y, I and K when 
v^ > 0 (Abramowitz and Stegun; 1965: 360,375) and from (3.13) and 
(3.14) when v^ < 0, as 
A, X̂ "'̂  ̂  B, X-^^^ v2 > 0, 
(3.25) 
C^ X + D^ X, «2 > 0, 
where A^, B̂ ,̂ C^ and D^ are functions of v (or 6 ) and k. Thus the 
boundary condition (3,20) requires B^, i.e. B, to be zero whenever 
v^ ^ 1. In all other cases (3.20) is already satisfied, which means 
that this condition is redundant to the solution (3.8) at these values. 
Hence, it appears that a continuum of edge wave solutions is possible 
in the region v^ < 1, since in this case the deep-sea trapping criterion 
(3.20) no longer provides a constraint at X = 0. This unlikely 
situation (physically) is rectified if the boundary condition (3.20) is 
replaced by the stronger condition that the horizontal transport should 
be zero at infinity, i.e. hu 0 as x «>. prom (2.22) and (2.31) the 
off-shore boundary condition becomes 
he, h 0, X CO, 
i.e. J 
Then (3.25) becomes 
-2, y-1 dc . , 
-2^ -1 dc X dX 0, X 0. 
(3.26) 
X X dX 
A^ X^-^ + B^ v2 > 0, 
C^ x"^ 4- D^ x"^, > 0, 
(3.27) 
which satisfies (3.26) non-trivially only when B is zero and v^ > 1. 
In the case where B is zero and v^ = 1, then from (3.27), there 
is finite (non-zero) transport at infinity. Although this type of 
motion is not trapped in the sense of (3.26) it does constitute a 
physically acceptable solution provided there exists a finite source of 
energy at infinity. Hence, these solutions may be regarded as "leaky" 
In the same sense as the continuum of leaky modes discussed by Larsen 
(1969). From (3.7), there are two branches of this "leaky" curve 
v^ » 1, viz., m/a « 0 and ~ + = 0. However, since the solution (3.8) a u 
must still satisfy the boundary condition (3.19), only a discrete 
spectrum of leaky modes Is possible over the seml-lnflnlte shelf. 
»2 
Implies that unless both A and B are zero, the solution (3.8) will have 
non-flnlte transport at Infinity. Thus, for Inertlogravltatlonal waves 
over the seml-lnflnlte shelf, there exists a long wave length cut-off 
given by, 
(3.28) 
In the region 0 < v^ < 1 (I.e. 0 < - , the relation (3.27) a a 
a a 
Since m/a Is assumed positive always, the Inequality (3.28) provides a 
bound on the wave number of high frequency waves with negative, only 
(I.e. travelling up the coast on the eastern seaboard In the Southern 
Hemisphere). 
The solution (3.8) on the seml-lnflnlte shelf may now be given 
In the form 
'AX J^(KX), a2 > f2, V ^ 1, 
AX I^(iiX), a2 < f2, V ^ 1. 
(3.29) 
Substitution of (3.29) Into the second boundary condition (3.19) yields 
the dispersion relation as 
1 + Il^X + (k) » 0, a2 > f2, V ^ 1, ' 
acj J ^ 
Omf 1 + or aP . + yl^(P) « 0, a2 < f2, V ^ 1. 
' (3.30) 
The second relation of (3.30) has only the trivial solution 
S- ^ YisiQ an upper bound of 
4f2 Ì 
max 
and thus 
Itì(M) ~ r(\H-i) 
- • 116, 
(Abramowitz and Stegun: 375). Hence the second bolution of (3.29) 
cannot satisfy the boundary condition (3.19) and is therefore not a 
solution. Thus the only trapped edge wave solutions on the semi-infinite 
shelf are the inertiogravitational waves defined by the first relation of 
(3.29) with V > 1, and having dispersive properties defined by the first 
relation of (3.30). 
The dispersion relation for the leaky modes (along v^ = 1) is 
given from the first relation of (3.30), with (3.6), as 
kJq(K) = 0, along the branch m 0, 
ra^ghoK^ 
or - f Jo(k) - Ji(K) 0, along the branch ® + ~ = 0 ' ® a o 
(3.31) 
From the first relation of (3.31), the frequencies of the non-trivial 
(a^ f^) leaky mode solutions lying along the branch m/a = 0 are 
determined from the n^^ roots of JQ(k) (i.e. K = ^Iso, since 
jn n ^ jo 1 "" 2.405 and ^ ^^^ = 37.03 » 1, there are solutions of 
(3.31), along the branch ~ + ~ = 0, at approximately the roots of JQ. 
Si Ci 
Further, these are the only solutions to the second relation of (3.31), 
except for the trivial root at k = 0. Thus, by (3.6), the discrete 
frequencies of the leaky mode solutions are given by 
£ . + 
•W- K.n + IJ n = 0, 1, along m/a = 0, 
and 
£ - > f n = 0, 1, .. •, along ~ ~ ® ^ • 
(3.32) 
Figure (3,1) displays the dispersion curves for the parameters 
appropriate to the shelf off Sydney. Further illustration of the 
limiting behaviour of the fundamental mode dispersion curves (as m 0) 
is given in Figure (3.2). 
The high frequency edge waves of Figures (3.1) and (3.2) 
correspond to the inertiogravitational waves discussed by Reid (1958). 
However, Reid's article also emphasises the existence of low frequency 
quasigeostrophic waves over the semi-infinite plane sloping shelf profile. 
SX, 0 ^ X < (3.33) 
The analysis of this profile has been extended by Mysak (1968) to include 
the effects of finite shelf width on both Class I and Class II edge 
waves. This later article presents the dispersion curves [copied here 
for completeness as Figure (3.3)] for both the truncated plane shelving 
beach 
h « ëx, 0 ̂  X < L, 
(3.3A) 
= H, X L, 
as well as the semi-infinite sheet defined by (3.33). A comparison bf 
100 « 
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FIGURE 3.1 
Dispersion curves for high frequency inertiogravitational edge waves 
on a continental shelf of exponential profile together with the high 
frequency cut-off for a finite width shelf : Parameters are hQ = 70 m , 
H = 5 Km and L == 80 Km. 
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FIGURE 3,2 
Low wavenumber behaviour of fundamental mode inertiogravitational 
edge waves. The bounds on trapped edge wave solutions are marked as: 
//////// for the semi-infinite shelf profile, and 
I Hit for the truncated shelf profile. 
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FIGURE 3.3 
CLASS II EDGE WAVES 
mL 
Dispersion curves for edgewaves over a plane sloping continental shelf 
profile (after Mysak 1968). The dispersion curves are presented for 
both classes of edge waves over 
(a) Semi-infinite shelf profile , and 
(b) Truncated shelf profile . 
Figures (3.1) and (3.2) with Figure (3.3) provides the following 
contrasts between the properties of edge waves over the semi-infinite 
exponential shelf profile (3.1) and those over the semi-infinite linear 
sheet defined by (3.33). 
(I) There are no low frequency quasigeostrophic edge wave 
solutions over the exponential shelf. 
(II) The marked asymmetry in Reid's lowest order edge wave modes 
is practically absent for the exponential profile. However, the 
presence of rotation does induce the long wave length cut-off (3.28) 
for trapped edge wave modes over the semi-infinite exponential shelf. 
(III) The dispersion curves for the exponential shelf possess the 
characteristic Coriolis split in frequency for waves propagating in 
opposite directions along the coast. The frequency difference is 
much smaller than those given by Reid because of the higher frequencies 
involved, particularly at long wave lengths (v 1). For the exponential 
shelf, the limiting frequencies at long wave lengths are given by 
(3.32). This limit is quite high, even for fundamental mode edge 
waves where ~ ± 20.7 (for the data off Sydney), compared with 
(0,-1) for the linear profile (3.33). 
The effect of varying the shelf parameters is displayed in 
Figures (3.4) and (3.5) for the fundamental mode. Figure (3.4) portrays 
the dispersion curves of this mode when the shelf width, L^is halved or 
doubled. Figure (3.5) similarly for variations in the depth at the 
shore-liae, h^. It is clear that the value of h^ is somewhat 
a X 
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FIGURE 3.4 
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Dispersion curves for the first mode high frequency edge waves over 
a semi-infinite exponential shelf with L values of 40 Km, 80 Km 
and 160 Km. 
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0.5 1.0 -4 -1 m X 10 (m ) 
Dispersion curves for the first mode high frequency edge waves over 
a semi-infinite exponential shelf with ho values of 35 m, 70m and 
140 m. 
N> 
subjective and that possible variations can cause drastic shifts in the 
dispersion curves. 
The theoretical form of the first three modes is displayed in 
Figure (3.6) for a longshore wave length of 134 km (i.e. m/a = 1). 
It can be observed that the wave energy is concentrated in the near 
shore region and this indicates that a truncation of the shelf will 
have a lesser effect on the low order higher frequency edge waves. 
3.3 Dispersion Relation; Truncated Shelf 
The dispersion relation for the truncated shelf (3.24) is found 
by applying the appropriate boundary conditions (3.19) and (3.21) to the 
general solution (3.8). It is defined by 
1 + 
1 + 
2mf 
aa 
2mf 
a a 
J^M + kJ^(K) 1 2r 
k 
1 -
a 
+ kA J 
(3.35) 
/ ii 2r1 
ri 1 a J^(icA) + kA J^(KA) 
3.3.1 High Frequency Edge Waves 
Equation (3.35) has been solved numerically for real values of 
V and the resulting dispersion curves are those of Figure (3.1), to 
the limits of graphical accuracy. Now there exists a high frequency 
cut-off for trapped waves given from (3.18) as 
f2 
< 1 + 
f2 
(3.36) 
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FIGURE 3.6 
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Wave height normal to coastline for first three modes of inertiograv-
itational edge waves having a longshore wavelength of 134 Km on an 
exponential shelf with parameters h^ » 70 m, H « 5 Km and L « 80 Km, 
The behaviour of the fundamental mode dispersion curves in the region 
of the high frequency cut-off is illustrated in Figure (3.2). The 
limiting behaviour of these modes as m/a 0 is similar to that 
described by Reid [Figure (3.3)]. In particular note the quasigeostrophic 
behaviour of the fundamental mode for ~ < 0. The fundamental mode for 
J > 0 and the higher order edge wave modes merge into the points 
(m = 0, a^ = f^) asymptotically to the high frequency cut-off (3.36). 
Reid notes that these points admit a peculiar type of inertial motion 
with periodic but spatially uniform surface displacement. 
At frequencies higher than the cut-off (3.36), r^ < 0, and the 
truncated shelf will only sustain the leaky modes in which the solution 
in the open ocean (2.38) is oscillatory. This region represents a 
continuum in which any point (a,m) is a legitimate solution. However, 
there may be bands in this region, within which, significant 
amplifications occur at the coast. Münk, Snodgrass and Gilbert (1964) 
have examined the presence of both trapped and leaky waves over 
California's continental borderland. However, they concluded that most 
of the long wave energy was concentrated in the trapped modes. 
Although there is no cut-off for the semi-infinite shelf it is 
obvious from Figure (3.6) that, for a fixed long shore wave length, the 
higher modes show a tendency for the oscillatory behaviour of the solution 
to move seawards. Thus eventually, for high enough frequencies, there 
are pseudo leaky modes on the semi-infinite shelf. 
It is Interesting to note that, for the truncated shelf, 
Clarke (1974a) obtains the following expression for the amplification 
of wave height at the shore for the leaky modes with m = 0: 
a 
+ ' 
Ì H ] % 
k i J 
^2 
YO ( K ) J ^ ( K A ) - J Q ( K ) Y O ( K A ) 
Y Q ( K ) J ^ ( K A ) - J ^ ( K ) Y ^ ( K A ) | 
(3.37) 
He calculates the periods t^, at which a is a maximum and these are 
within 11% [Table (3.1)] of the periods x^^,given by (3.32), for the 
first three leaky modes with m = 0 on the semi-infinite shelf. 
TABLE 3.1 
Leaky mode periods (m « 0) on the semi-infinite shelf v.s. periods of 
maximum amplification of leaky waves (m « 0) on the truncated shelf 
n ^L 
(mode No.) (min.) (min.) (%) 
1 57.4 62.2 7.7 
2 24.4 27.1 10.0 
3 15.4 17.3 11.0 
It is easily shown that the high frequency cut-off (3.36) exists 
for any monotonie profile h tending to a finite depth, H, off-shore. 
Writing equation (2.32) as 
dx 
d£ 
dx 
+ q^C = 0, 
where 
g a dx ' 
then the trapping condition (2.35) at large x (where 0, h H) 
requires that m^ > — — (i.e. q^ < 0), which is simply the condition 
(3,36). For large values of H, this trapping condition becomes less 
restrictive on the longshore wave number m. This has the effect of 
"squeezing" the leaky mode continuum [Figure (3.2)] onto the line 
m/a » 0. Further, as the truncation in (3.24) is removed to infinity 
(i.e. L H A 0), then 
Y^(KA) rrf Zn(KA), 
Jo(KA) in 1, Jjl(KA) ~ , A 0, 
and hence the amplification of the leaky waves at the shore (3.37) 
behaves as 
TT % 
- 2J (O [hoJ , as A 0, 
which, from (3.24), reduces to 
asA->0. (3.38) 
Thus, for large values of H the amplification of the leaky waves at 
the coastline behaves as (3.38), with infinite spikes forming at the 
roots of JO(k). Hence, the periods at which these limiting spikes 
occur (as H ") are the same as the periods t^ of the leaky modes, along 
~ = 0, over the semi-infinite shelf, a 
Finally, it may be noted that for physical dimensions appropriate 
to the real ocean off Sydney, the inequality (3,36) provides a stronger 
long wave length cut-off than the bound (3.28) [see for example the 
dispersion curves in Figure (3.1)]. In the trapping region defined by 
(3.36) the dispersive properties of waves over the semi-infinite shelf 
are very nearly the same as those for waves over the "real" ocean 
defined by (3.24). 
3.3.2 Low Frequency Edge Waves 
Returning to (3.35), when v is pure imaginary (and hence k), 
the functions involved are modified Bessel functions of imaginary order 
(3.12). In this case it is simpler to rewrite the differential equation 
(3.5), using the transformation, 
w « yX, (3.39) 
as ^2 ^ + ^ ^ - (w2-ô2)Z - 0. (3.40) 
dw^ dw 
Substitution of the trial series 
Z « w® i A w", (3.41) 
n«0 
into (3.40) yields the general solution 
Z « AZĵ  + BZ2, 
in terms of the complex conjugate series 
(3.42) 
w iô 1 + 
(l-i5)(f) (1-16)(2-16) (f) + — + 
11(12+62) 2:(I2+Ô2)(22+62) 
and 
Z, w -16 
(1+16) (~) (1+16) (2+16) 
1 + — + — + 
11(12+62) 2!(12+62)(22+62) 
(3.43) 
Writing 
Cos{Zn(w^)} ± 1 Sln{Zn(w'5)}, (3.44) 
and choosing the constants A and B to be the complex conjugates 
C ± ID, leads to the real expression for the wave height C as 
where 
and 
Ç - C 
+ D 
Cos(3).U5(viX) + Sln(3).V5(viX) 
Sln(3).U5(pX) - Cos(3).V5(MX) 
(3.45) 
3 - 6 Zn(iiX), 
U^(mX) « pX • 1 t • (2+62)(pX/2)/ ^ 11(1^+62) 2: (1^+6^) (2^+6^) ^ --7 ' 
T7 r Y^ - A, Y/ (MX/2)^ . 3(iiX/2)^ 1 V5(pX) = «VX- + 21(12+62) (22+62) "'j 
Applying the boundary conditions (3.17) and (3.19) to (3.45) yields 
the dispersion relation for quaslgeostrophlc waves as 
(3.46) 
[Sin(32).K;^(A,6,y,C2) - Cos(32)-Ka(A,6,m,€2) ] 
= [Cos(32).Ki(A,6,pi,C2) + Sln(32) •»J'»̂ 2) ]. 
[Sin(Bi).Ki(l,6,M,C3^) - Cos(Bi) .K2(l,6 ,Ci) ], 
where 
r - ^ r » -2r t."! * , ^o ®® I ^ ao * 2 a 
and 
K^(X,6,m,C) - XU^(MX) + + CU5(MX), 
K2(X,6,M,C) - XV^(iiX) - 6U^(pX) + CV^(yX), 
where the prime denotes differentiation with respect to X. 
The series U and V are rapidly convergent due to the small 
values of m (< ^max " »H^) the exponential nature of X. Numerical 
evaluation of (3,46) has been carried out and the dispersion curves for 
the first three modes are depicted in Figure (3.7). 
The dispersive properties of low frequency waves over the 
exponential shelf (3.1), have also been examined by Buchwald and Adams 
(1968). Neglecting horizontal divergence (i.e. neglecting the term 
in the continuity equation (2.19)), they obtain the following expression 
0.6 r -
Ui 
FIGURE 3.7 
Dispersion curves for low frequency quasigeostrophic edge waves on a continental shelf 
of exponential profile having parameters h^ = 70 m, H = 5 Km and L = 80 Km. 
where 4 = mf __ III'' aa a^ > 0, 
for the dispersive properties of quasigeostrophic waves over the 
truncated shelf. The corresponding expression for the wave height C 
is 
-a TT X e 2 (A Cos px + B Sin px), x < L, 
Ce -mx 
(3.48) 
X ^ L, 
where the constants A,B and C are determined from (2.33) and the 
requirement for continuity of the ç solution at x = L. 
It should be noted that, for given values of m/a, the values of 
non-dimensionalized frequency, = "j » computed from (3.46) agree 
within three significant figures with the corresponding values (Y2) 
obtained from the dispersion relation (3.47). Table (3.2) gives the 
comparison for the fundamental mode quasigeostrophic waves. 
TABLE 3.2 
Dispersive Properties of quasigeostrophic edge waves over the 
truncated exponential shelf; Including horizontal divergence 
y^; Neglecting horizontal divergence y^. 
NON-DIMENSIONALIZED 
WAVE NUMBER 
m/a 
NON-DIMENSIONALIZED 
FREQUENCY 
Y2 % 
.1 .17406 .17432 .149 
.5 .57472 .57494 .038 
1.0 .60188 .60194 .010 
5.0 .18350 .18351 .006 
10.0 .0992371 .0992376 .001 
Thus, Buchwald and Adams premise 
gh 
« 1, (3.49) 
(where h is the depth averaged In some way) for neglecting the 
horizontal divergence of the low frequency quaslgeostrophic edge waves 
In the ocean was correct. For the Australian coast they give the value 
-2 
of e as less than 5 x 10 . However, Caldwell, Cutchln and Longuet-
Hlgglns (1972) have shown that. In their experimental study of Class II 
edge waves over an exponential shelf, the neglect of horizontal divergence 
caused large percentage deviations In the dispersion analysis. They 
give e = .29 as a typical value for the divergence parameter In their 
experimental model. In such laboratory models, where (3.49) Is not 
satisfied, the dispersive properties of Class II edge waves are given 
by (3.46). 
The computed curves of Figure (3.7) appear to be different from 
the Buchwald and Adams curves but this is due solely to their 
miscalculation of the value of "b" appropriate to Sydney as 2.7 instead 
of 2.156. The curves for their value of b are correct. 
Comparison of the dispersion curves in Figure (3.7) with those 
given by Mysak [Figure (3.3)] reveals the presence of a zero in the 
group velocity of quaslgeostrophic waves over the exponential shelf. 
Buchwald and Adams have suggested that this may be associated with a 
form of resonance in which the energy of a particular mode cannot 
propagate away from the point of application of a forcing disturbance. 
However, this phenomenan has not, as yet, been verified either 
experimentally or theoretically. 
The effect of varying the shelf parameters Is considered next. 
Figure (3.8) displays the effect of varying h^ on the dispersion curve 
for the fundamental mode. In particular, for the position on the 
dispersion curve where the group velocity Is zero, an Increase of the 
Initial depth at the shore, ĥ j, Increases the wavelength at which the 
group velocity Is ^ero as well as decreasing the corresponding 
frequency. It would appear that this point of the dispersion curve Is 
particularly sensitive to the shelf parameter h^. The effects of 
variations In the shelf width, on the fundamental mode quaslgeostrophlc 
edge waves. Is displayed In Figure (3.9). It should be noted that In 
the region m/a << 1, where the motion Is approximately non-dlsperslve, 
the group velocity of these waves Is particularly sensitive to changes 
In the shelf width. 
3.4 Asymptotic Phase and Group Velocity Properties of High 
Frequency Edge Waves 
For the Inertlogravltatlonal edge wave modes depicted In 
Figure (3.1) 
and 
» 1, 
» iïi. 
(3.50) 
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Dispersion curves for the first mode of low frequency edge waves over an 
exponential shelf with ĥ ^ values of 35 m, 70 m and 140 m. 
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Dispersion curves for the first mode of low frequency edge waves over an exponential 
shelf with L values of 40 Km, 80 Km and 160 Km. 
Thus, the dispersion relation for high frequency edge waves over the 
semi-infinite shelf (3.30), may be approximated by 
J^(k) + KJA(K) - 0, (3.51) 
where 
and 
„ (3.52) 
.2 « 1. (3.53) 
Writing (3.51) as 
d 
dK ICJ^(K)| = 0, 
(3.54) 
then for a fixed v and large values of K (i.e. very high frequency 
waves) the roots of (3.54) are given approximately by the roots of 
J^(K). Hence the dispersion curves defined by (3.51) may be written 
as 
K ~ j' , s " 1,2,... , (3.55) 
V , s 
where i' is the s^^ zero of J'(K). 
For large values of v (i.e. large values of m) the asymptotic 
expansion for j' (Abramowitz and Stegun, 1965; 371), together with v, i 
(3.52) and (3.55) yields the asymptotic behaviour of the high frequency 
fundamental mode dispersion curves as 
i -i -1 
a jv + .8086V3 ^ .o725v ^ - .0510v"^ + .0094v ^ + ... 
(3.56) 
Thus, the asymptotic behaviour of the group velocity (C^ = 4^)of the o dm 
fundamental mode is given from (3.56) and (3.53) as 
Cg ~ |l + .2695v 
"1 -1 
^ - .02A2v ^ - .4490v"^ - .1504v ^ + ... 
(3.57) 
Similarly the asymptotic behaviour of the phase velocity (C « —) is given 
as 
-2 -A -8 
C 21 t/iîT 1 + .8086v ^ + .0725v ^ + .4490v"^ + .4137v ^ + ... 
(3.58) 
Hence the limiting values of the group velocity Cg and phase velocity 
oo 
C , as m », are given by 
C" - = Cg", (3.59) 
where, from (3.57) and (3.58), 
|Cg|<|c|, as C, Cg ±/gh^ . (3.60) 
Although the asymptotic expansion for j' , remains an acceptable V, 1 
approximation (within 1.2% of the tabulated values) as v -i- 1 (i.e. m-> 0), 
equation (3.56) implies that at these long wave lengths k >|> 1 and hence 
the justification for (3.55) is no longer valid. However, it may be 
seen from Figure (3.2) that as m 0 the dispersion properties of edge 
waves over the semi-infinite shelf differ significantly from those over 
the real ocean. Thus the asymptotic properties of (3.30), as m 0, 
will not be pursued here. 
Finally, the sensitivity of the asymptotic phase and group 
velocities, (3.57) and (3.58), to the shelf parameter ho should be 
noted [c.f. Figure (3.5)]. 
3.5 Response of an Exponential Shelf on the East Australian 
Coast to Moving Pressure Distributions 
Robinson (1964) has suggested that travelling continental shelf 
waves may explain the non-isostatic response of sea level to atmospheric 
pressure changes, as reported by Hamon (1962, 1963). The observed sea 
level at any station being regarded as the sum of the direct (isostatic) 
response to pressure and the elevation due to the shelf wave. 
In a later investigation, Hamon (1966) examined the relative 
phase lags, in the adjusted mean sea level spectra, between a number of 
neighbouring stations along the east Australian coast from Eden (37®S) 
to Urangan (25®S). Figure (3.10) shows the accumulated phase lags 
(relative to Eden) observed by Hamon, as a function of latitude. Although 
these lags suggest the presence of a northward travelling wave, consistent 
with the direction of propagation of continental shelf waves, the observed 
phase speed is significantly higher than the theoretical predictions of 
Robinson (1964), Hamon (1966) or Mysak (1967a). 
For shelf waves travelling along the east Australian coast between 
Eden and Urangan, the following observations may be made . 
(I) The Coriolis parameter is not constant, there being a 30% 
change between Eden and Urangan. 
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(II) In view of the high correlation between sea level and 
atmospheric pressure observed by Hamon (1966), it appears 
likely that the shelf waves are forced by the pressure 
changes, or by wind stresses correlated with pressure. 
The periods of these pressure changes have been given by 
Hamon (1962) as 5 days in summer and 9 days in winter. 
(Ill) At frequencies corresponding to these dominant periodicities 
in the weather systems (1.45 x 10 ̂  rad/sec and 8.08 x 10 ̂  
rad/sec respectively) the shelf wave modes are approximately 
non-dispersive, i.e. the wave velocity is independent of 
frequency [Figure (3.7)]. However, the wave velocities are 
very sensitive to changes in the shelf width [Figure (3,9)]. 
(IV) It may be seen from Table (3.3) that the width of the 
continental shelf varies appreciably between Eden and Urangan. 
Here, the cumulative phase lags, between Eden and Urangan, are 
calculated for fundamental mode shelf waves over the exponential shelf 
profile (3.1). First order account is taken of variations in the Coriolis 
parameter (f) and the shelf width (L) by calculating the phase lags at 
intervals of one degree of latitude, assuming f and L are constant in 
between. 
For the non-dispersive region of Figure (3.9), the dispersion 
relation for quasigeostrophic waves (3.46) may be approximated by the 
empirical formulae 
f ^L®» (3.61) 
where 
k^ » .414 L, (3.62) 
is a linear function of the shelf width [Figure (3.11)]. 
Thus from (2.8) 
X « kL ^ 2ft SinUI , (3.63) 
where (j)(»90-6) is the latitude angle, 
Q is the rotational frequency of the earth, 
and X is the wave length that a quasigeostrophic edge wave with 
frequency a assumes at latitude (j). 
Equation (3.63) may be written in terms of the period of the edge wave 
T (in days) as 
X » k^ 2TR T2 Sin|(|)| . (3.64) 
The phase lag (in days) of a quasigeostrophic shelf wave 
propagating along a straight coastline between two locations with 
latitudes (jiĵ  and <|>2 may be approximated by 
lag « ~ X T , (3.65) 
X 
where T is the period of the wave in days, 
T is the average wave length between the two stations given from 
(3.64) as 
X « K ^ 2TR T2 Sin (3.66) 
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FIGURE 3,11 
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with shelf width, for the non-dispersive 
region of fundamental mode quasigeostrophic edge waves over a 
continental shelf of exponential profile. 
and D Is the linear distance between the two stations given by 
Cos i), 
where R Is the mean radius of the earth and, 
Is the angle between the coast and the central meridian of 
longitude. 
Combining (3.65) with (3.66), (3.62) and (3.67) leads to 
lag » 2.14 X 10 
4 (Ul-4>2l)Sec ̂  
L Sin 
2 
(3.68) 
as an empirical expression for the time lag (In days) of a shelf wave 
travelling between two coastal stations at latitudes ^̂ ^ and (̂ 2 
degrees), between which the shelf has a constant width L (In meters) 
and shore line Inclination (In degrees). 
The cumulative phase lags between Eden and Urangan have been 
calculated from (3.68) at degree Intervals. These results are presented 
In Table (3.3). 
TABLE 3,3 
RELATIVE PHASE LAGS IN ADJUSTED MEAN SEA LEVEL ALONG THE EAST COAST 
OF AUSTRALIA FROM EDEN TO URANGAN 
Latitude Place Shelf Shelf Lag Cumulative 
Width Angle (days) lag (days) 
(|>(deg) L(kin) l̂iCdeg) 
37 Eden 
80 22 .485 
0 
36 
90 22 .442 
.485 
35 .927 
Port Kembla 110 22 .371 
34 Sydney 
120 22 .349 
1.298 
33 Newcastle 
90 22 .477 
1.647 
32 
80 22 .552 
2.124 
31 
80 22 .569 
2.676 
30 Coffs Harbour 
100 22 .469 
3.245 
29 
110 0 .408 
3.714 
28 
130 0 .357 
4.122 
27 
120 0 .400 
4.479 
26 
130 0 .382 
4.879 
25 Urangan 5.261 
Figure (3.10) shows the observed cumulative phase lags given by 
Hamon (1966), together with those given by the piece wise fit 
[Table (3.3)], It can be seen that good quantatlve agreement, between 
the observed and predicted phase lags. Is obtained by considering the 
convex exponential shelf (3.1) and taking first order account of 
variations In the Corlolls parameter and shelf width along the coast. 
3.6 Concluding Remarks 
Four main areas have been discussed for a continental shelf of 
exponential profile. They are: 
(I) the effect of a finite width shelf compared with the seml-
Inflnlte shelf, 
(II) the different properties of the Inertlogravltatlonal waves 
from those of the quaslgeostrophlc waves, 
(III) the response of an exponential shelf on the east Australian 
coast to moving pressure distributions, and 
(IV) the effects of varying shelf parameters. 
It has been seen for a real ocean that the finite width 
exponential shelf can support low frequency edge waves whereas the 
seml-lnflnlte shelf can not. The high frequency edge waves appear as 
solutions on both shelves; their distinction being In the existence of 
a high frequency cut-off, equation (3.36), for the finite width shelf. 
The dispersion curves of each are very nearly the same for the real ocean. 
With regard to the real ocean, equation (3.36) represents an hyperbola 
in which the curve is very close to the asymptote. It is remembered that, 
for this thesis, the Coriolis parameter is constant. This is justified 
only if the long shore wavelength is less than about 600km, so that 
gHm^ 
» 1. 
Hence (3.36) reduces to its asymptotic form 
|a| < m(gH)^, 
i.e. the wave velocity must be less than the free velocity of waves in 
the deep ocean of constant depth H. 
Some properties of the inertiogravitational edge waves differ 
from those of the quasigeostrophic waves. The latter have been shown, 
in the ocean, to have very nearly the same dispersion properties as 
those obtained by neglecting horizontal divergence [Buchwald and Adams 
(1968)]. However, this will not be so for laboratory models [Caldwell, 
Cutchin and Longuet-Higgins (1972)], in which case the dispersion curves 
have been presented here. A further distinguishing property between the 
two classes of waves is the appearance of a zero group velocity for the 
quasigeostrophic waves, and indeed the low group velocities they have in 
general compared to the inertiogravitational waves. The largest group 
velocity of the quasigeostrophic wave would be about 4 m/sec, while a 
typical group velocity of the inertiogravitational wave is 32 m/sec. 
A number of properties of continental shelf waves were discussed 
in section (3.5). It has been shown that improved correlation, between 
the observed [Hamon (1966)] and predicted [Table (3.3)] phase lags along 
the east coast of Australia, may be obtained by considering a convex 
exponential depth profile and taking first order account of variations in 
the Coriolis parameter and shelf width. 
Finally there are the effects of varying the shelf parameters. 
Besides all the points discussed in this chapter, it does appear that 
there may be a more important parameter than either h^ or L. This 
parameter is the initial slope ah^. If the discussion is limited to that 
portion of the dispersion curves of the quasigeostrophic edge waves where 
the group velocity is positive then, for the real ocean, the following 
observations prevail. For the inertiogravitational edge waves, a decrease 
in initial slope can be made by increasing L or decreasing h^. In either 
case the frequency will decrease for a fixed wave number m, together with 
a small decrease in group velocity. For the quasigeostrophic edge waves 
having positive group velocity, a decrease in initial slope will increase 
the frequency for a fixed wave number m and increase the group velocity. 
These two results can be combined into one by the statement that a 
decrease in initial slope will cause the frequency to shift towards the 
Coriolis frequency for a fixed m. Thus it would appear that, appart from 
hQ and L, the initial slope could be an important shelf parameter in its 
own right. 
4. EDGE WAVES OVER GENERALIZED EXPONENTIAL DEPTH PROFILES 
Most of the early articles on edge waves, e.g. Stokes (1846), 
Eckart (1951), Ursell (1952), Greenspan (1956) and Reld (1958), have 
modelled the continental shelf as a, one parameter, plane sloping 
semi-infinite sheet. Attempts at improved shape modelling were given 
by Hidaka (1935) and Olson (1952) both of whom considered two parameter 
semi-infinite sheets, allowing for variable depth at the coast line as 
well as shelf slope. A representative collection of two parameter depth 
profiles has since been considered, by various authors, to approximate 
a variety of continental shelf profiles, viz. truncated sloping beach, 
Robinson (1964); single step topography, Larsen (1969); concave 
exponential. Ball (1967); and convex exponential, Buchwald and Adams 
(1968). Huntly and Bowen (1973) and Clarke (1974b) have both shown that 
the concave exponential profile considered by Ball is particularly well 
suited for modelling certain near shore beach profiles. On the other 
hand, Buchwald and Adams have shown that their convex exponential depth 
profile is useful for approximating the overall shape of certain 
continental shelf profilés [e.g., the continental margin near Sydney]. 
The effects of varying shelf parameters, on the properties of both 
Class I and Class II edge waves over the convex exponential shelf, have 
been discussed in Chapter 3. In particular, it has been shown that for 
wavelengths considerably greater than the shelf width (L), the wave modes 
depend very strongly on the shelf width [c.f. Mysak (1968)]. Also, 
Clarke (1973) has examined the phase velocity (C) and group velocity (Cg) 
properties of high frequency edge wave for three different shelf 
profiles, viz, convex exponential, linear and concave exponential• 
His analysis shows that, for fixed values of the initial depth (hg) and 
slope (hg) at the shore line, the product CCg is the same for all 
three shelf profiles. Thus, the quantities hg, hg and shelf width L 
[or alternatively the depth at the edge of the shelf hĵ ] appear to be 
important shelf parameters, independent of the particular shelf profile 
used to approximate the margin. 
In this chapter the dispersion relationships are presented for 
both the generalized (three parameter) convex exponential shelf profile 
h(x) - ho(ae®*-l), (4.1) 
as well as for the generalized concave exponential beach profile 
h(x) « ho(l-3e"^*). (4.2) 
The use of these generalized depth profiles will allow for independent 
variations in the physical shelf parameters hg, h¿ and hj^, this has not 
been possible with the two parameter shelf profiles considered 
previously. In particular, the effects of varying these physical shelf 
parameters, on the phase and group velocity properties of high frequency 
waves over the convex exponential shelf (4.1), will be examined in 
section (4.1.3). 
4.1 Generalized Convex Exponential Depth Profile 
4.1.1 The Shelf Model and its Solution 
A general, three parameter, convex exponential shelf profile is 
given by the form (4.1). For this profile the physical shelf parameters 
% \ a^e related to the shelf parameters, h^, a and a by 
and 
\ - h^(a-l). 
= h^aa, (4.3) 
Figures (4.1), (4.2) and (4.3) display the values of the quantities 
h^, a and a for independent perturbations of the physical shelf parameters, 
hg, h^ and ĥ ^ respectively, away from those used in Chapter 3 
[hg « 70m, h^ = 3.735 x lO""^, and ĥ ^ « 5km where L « 80km] to 
approximate the continental margin near Sydney. The two parameter 
exponential profile (3.1), examined in Chapter 3, may be considered as a 
limiting form of the profile (4.1) when a h^ 0 while the product 
h^a remains constant. Dispersion relationships will be derived for both 
the semi-infinite sheet 
ax h « hQ(ae -1), 0 ^ x < », (4.4) 
as well as for the truncated exponential shelf profile 
h » h^(ae®*-l), 0 $ x < L, 
X L. 
(4.5) 
ĥ xlO (m) 
Behaviour of the shelf parameters h^ , a and a for independent 
variations in the depth at the coastline hg, for the generalized 
convex exponential shelf profile (4.1) with h* » 3.735 x lO"*̂  
and ^L * 5 Km. 
ĥ xio (m) 
Behaviour of the shelf parameters h^ , a and a for independent 
variations in the initial shelf slope at the coastline h* , for the 
generalized convex exponential shelf profile (4.1) with ho »= 70 m 
and h. 5 Km. 
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Behaviour of the shelf parameters h. a and a for independent 
variations in the depth at the edge of the shelf h^ , for the 
generalized convex exponential shelf profile (4.1) with hg = 70 m 
and h» ' 3.735 x 10~5 , 
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Choosing the z-axis vertically upwards and the y-axls along 
the coastline so as to form a right handed system, then the 
differential equation governing the motion of edge waves over a shelf 
region defined by (4.1) is given from (2.32) as 
f ax -V d^C , ax dc . . (ae -1) + aae + H dx 
a^-f^ o, ax - V mf ax — r m'^iae -1) aae gh 
The change of variables 
C « 0 
(4.6) 
and 
where 
X = 
-ax 
a 
Z - x-Pc. 
(4.7) 
(4.8) 
(4.9) 
transform (4.6) into the Hypergeometrlc differential equation 
X(l-X) 0 + t2p-(2p+l)X] ^ - (p2-q2)Z - 0, (4.10) 
where 2 a2-f2 . m 
'' a^gho a 
2 
+ ^ (4.11) 
Similarly, the semi-infinite exponential shelf has the transformed 
depth profile 
h = ho(x"^-l), 0 < X s a"^. (4.12) 
while the truncated one has the profile 
where 
h 
-aL 
a 
A < X ^ a""^. 
X ^ A, 
(4.13) 
(4.14) 
One solution of (4.10) may now be written in terms of the 
Hypergeometric function F(a,b,c;z) as 
Z « AF(p+q,p-q,2p;X). (4.15) 
When a,b,c~a and c-b are non-integers two independent solutions of 
the Hypergeometric differential equation are given by (Erdelyi, 
1953:74) as 
and 
Ujl(z) = F(a,b,c;z), 
U2(z) » z^''^F(a-c+l,b-c+l,2-c;z). 
(4.16) 
Thus, with (4.8), the general wave height solution over the shelf 
region (4.1) may be written as 
C - AxPF(p+q,p~q,2p;X)+BX^"PF(-p+q+l,-p-q+l,2-2p;X), (4.17) 
which, together with the appropriate boundary conditions, governs the 
dispersive properties of edge waves over the margin. 
Since the depth profile (4.1) has a vertical barrier at x « 0, 
the reléVafìt boundary conditions for trapped waves over the semi-infinite 
margin (4.4) are (2.33) and (2.35). For the truncated shelf, the 
off-shore trapping condition (2.35) is replaced by the boundary 
condition (2.40), at the edge of the shelf. 
Transforming the boundary conditions (2.33), (2.35) and (2.40), 
by (4.7) yields the boundary conditions appropriate to the solution 
(4.17) as 
at the coastline , 
C 0, X 0, (4.19) 
at infinity, 
and ^ f x ' f ^ " ^ ' (4.20) 
at the truncation X = L, and where 
r^ = m^ + (f2-.a2)/gh^ > 0. 
However, writing 
p - ^ . (A.21) 
where 
. + 4151 + 1 (4.22) 
a^ aa 
the general solution (4.17) may be written as 
c - + V ^ q^l + V _ ^^^ ^ 
+ BX^l-^^/^Fif - ̂  + q 1 - I - q.l - v;X). (4.23) 
Thus, it can be seen that when 0 < v^ < 1 the off-shore trapping 
condition (4.19) is already satisfied and is redundant to the 
solution [c.f. section (3.2)]. In this case it will be replaced by 
the stronger trapping condition (3.26). The transformed trapping 
criterion (4.19) for waves over the semi-infinite shelf then becomes 
dX X 0. (4.24) 
4.1.2 Dispersion Relation;Semi-Infinite Shelf 
The general solution, (4.23), satisfies the off-shore trapping 
condition, (4.24), only when B is zero and v^ > 1. Thus the wave 
height solution for edge waves over the semi-infinite margin (4.4) may 
be written, from (4.17) as 
Ç - AX^F(p+q,p-q,2p;X), (4.25) 
together with the following bound, from (4.22), 
f + f > 0 . (4.26) 
on frequency and wave number. This bound is the same as that obtained 
by Clarke and Louis (1975) and eliminates the quasigeostrophic region 
of the a-m plane for edge waves over the semi-infinite exponential 
ax 
shelf h « h^e . The effects of shelf truncation and the implications 
of the bound (4.26), for edge waves over an exponential shelf profile, 
have been discussed in some detail in Chapter 3. 
Substitution of (4.25) into the coastal boundary condition 
(4.18) yields the dispersion relation governing the discrete modes 
of oscillation over the semi-infinite margin (4.4) as 
J. rof p+ — ^ aa F(p+q+l,p-q+l,2p+l;a ")« 0, 
(4.27) 
where the Hypergeometric series in (4.27) are absolutely convergent 
for |a|>l and conditionally convergent for |a|»l (Erdelyi, 1953:57). 
In the limit as a 1, the shelf profile (4.4) reduces to the 
convex exponential shelf profile examined by Clarke (1973), viz. 
h - hQ(e®*-l), 0 $ X < oo, (4.28) 
having zero depth at the coastline. In this case the coastal boundary 
condition (4.18) is replaced by the requirement (2.34) i.e. 
Ç finite, X » 1. (4.29) 
However, convergence of the solution (4.25) at X « 1 requires the 
hypergeometric series to terminate i.e. 
p-q « -n, n = 0,1,2..., (4.30) 
which determines frequency. The dispersion relation (4.30) is the 
same as that used by Clarke (1973) to examine the properties of high 
frequency edge waves over the exponential shelf (4.28). However, now 
there exists a low wave number cut-off ,(4.26)̂  for high frequency waves 
travelling south along the eastern seaboard in the Northern Hemisphere. 
4.1.3 Effects of Variations in Shelf Topography on the 
Phase and Group Velocity Properties of High Frequency 
Edge Waves 
Figures (4.4), (4.5) and (4.6) display the effect, on the 
fundamental mode dispersion curves, of perturbating the shelf parameters 
hg, h^ and hĵ  away from those used in Chapter 3 to approximate the 
continental margin near Sydney. Also, the curves corresponding to the 
shelf profiles h = h^e^* and h = h^(e^^^l) are shown for comparison. 
It is clear, from Figure (.4.4), that the dispersive properties 
of high frequency edge waves, particularly the phase and group velocities, 
are highly sensitive to changes in hg. On the other hand, from Figure 
(4.5), variations in the initial shelf slope h^ are seen to induce changes 
in the phase velocities without significantly affecting the group 
velocities. From Figure (4.6), the dispersive properties of high 
frequency edge waves appear to be less sensitive to changes in the off-
shore shelf parameter h^, except at long wave lengths. 
Figures (4.7), (4.8) and (4.9), similarly, show the effect of 
varying the shelf parameters on the phase and group velocities of high 
frequency edge waves with m = 4.0 x lO^^m""^ (wave length = 157km). 
The following observations may be made; 
(I) Increasing the initial depth at the coast leads to large 
increases in the phase and group velocities of high frequency 
edge waves [Figure (4.7)]. 
(II) Increasing h^ also leads to an increase in phase velocity. 
FIGURE 4.4 
.5 20 
m X 10 ^ (m 
Effect of independent variations in hg on the first mode of high frequency edge waves 
over a generalized convex exponential shelf profile. The dispersion curves given by 
Clarke and Louis (1975) and Clarke (1973), with h^ = 3.735 x lO'^ and h^ = 5 Km, are 
shown for comparison. 
00 
_ o ^rt «V 
hi = 4x10 / h : = 3.74><10 -"[h^h^e ] 
a h' = 2x10 s 
-3 
00 ro 
FIGURE 4.5 
-5 -1 m X 10 ^ (m ) 
Effect of independent variations in h^ on the first mode of high frequency edge waves 
over a generalized convex exponential shelf profile. The dispersion curve given by 
Clarke and Louis (1975), with h = 70 m and hy = 5 Km is shown for comparison, s ij 
= 10 Km 
FIGURE 4. 6 
.5 .i 20 
m X 10 ^ (m ) 
00 to 
Effect of independent variations in h^ on the first mode of high frequency edge waves 
over a generalized convex exponential shelf profile. 
Clarke and Louis (1975), with hg = 70 m and 
The dispersion curve given by 
is shown for comparison hi = 3.735 X 10-3 o 
a 
0) 
00 
o 
O 
HJ 
m > 
50 
40 
30 
20 
10 
0 
20 40 60 80 100 120 
^ Cm) 
FiaURE 4,7 
Phase and Group velocities of first mode high frequency edge waves, 
over a generalized convex exponential shelf profile v.s. initial 
depth of the coastline hg . 
u 
o 
hJ 
w > 
50 
o 
<u 
CO 
3 40 
30 
20 
10 
0 
FIGURE 4.8 s 
X 10 -3 
Phase and Group velocities of first mode high frequency edge waves, 
over a generalized convex exponential shelf profile v.s. initial 
shelf slope at the coastline h' . s 
50 
a (U 
CO 
i 
S 
M U o 
w > 
40 
30 
20 
10 
0 8 10 
FIGURE 4.9 
h (Km) LI 
Phase and Group velocities of first mode high frequency edge waves, 
over a generalized convex exponential shelf profile v.s. depth 
at the edge of the shelf hj . 
which is consistent with an increase in mean depth. However, 
the corresponding increase in group velocity is much smaller 
[Figure (4.8)]. 
(Ill) These results contrast with those observed when the increase 
in mean depth is produced by increasing the off-shore shelf 
parameter hL [Figure (4.9)]. The resultant increase in C is 
accompanied by a decrease in the group velocity C . This is 
o 
consistent with the observations of Clarke (1973), where, for 
fixed near-shore shelf parameters, an increase in mean depth 
leads to a decrease in group velocity such that CCg remains 
constant. 
In summary, it is noted that the dispersive properties of high 
frequency edge waves are particularly sensitive to changes in the near-
shore shelf parameters hg and h^. Further, variations in the off-shore 
shelf parameter hĵ  appear to have a fundamentally different effect on 
the phase and group velocity properties of high frequency edge waves, 
than changes in the near-shore shelf parameters. 
A.1.4 Dispersion Relation;Truncated Shelf 
Applying the boundary conditions (4.18) and (4.20) to the general 
solution (4.17) yields 
(a"^) + (p+ ff)Fi(a"b + Ba P- + (1-P+ ff)F2(a~b 
and 
AA' A F i ( A ) + (p- F ) F ^ ( A ) J + B a W a F ^ ( A ) + ( 1 - p - • ^ ) F 2 ( A ) U 0 , 
where 
Fi(X) » F(p+q,p-q,2p;X), 
F2(X) » F(-p+q+l,-p-q+l,2-2p;X), 
0, 
and where a dash denotes differentiation with respect to X. Hence the 
dispersion relation for edge waves over the truncated shelf profile 
(4.5) is given by 
-Pa^-PJ a ^A 
P^^aP 
a'^ia'h + (pf A F ^ ( A ) + ( 1 - p - F ) F 2 ( A ) 
A F|(A) + (p- j)Fi(A) a + (l-p+^)F2(a -1. « 0 . 
(4.31) 
The effects of shelf truncation, on the dispersive properties of 
high frequency edge waves over a convex exponential margin, has been 
discussed in some detail in Chapter 3. This analysis will not be 
duplicated here. Also, quaslgeostrophic edge wave solutions are 
found In the region v^ < 0. Writing 
the general wave height solution for quaslgeostrophic edge waves 
(v2 < 0) is given from (4.23) as 
Here it suffices to note that since the two Independent solutions in 
(4.32) are complex conjugates, an alternative form of the dispersion 
relation (4.31), for quaslgeostrophic waves, may be derived following 
the procedure outlined in section (3.3). 
4,2 Generalized Concave Exponential Depth Profile 
4.2,1 The Beach Model and its Solution 
Consider a semi-infinite beach, whose depth profile in the 
off-shore direction (the x-direction) is given by the generalized 
concave exponential form (4.2) i.e. 
h = h^d-ge""^''). 0 $ X < «>. (4.33) 
For this profile, the parameters h^, a and 3 are related to the 
physical parameters h , h' and h«,, used to specify the margin, by 
h* s 
hoo-h^ ' 
3 = 1 -
(4.34) 
where h^ is the limiting depth of the margin as x «>. The two 
parameter concave exponential depth profile considered by Ball viz. 
h « h^d-e""^''). 0 $ X < (4.35> 
may be considered as a limiting case of (4.33) as 3 - ^ 1 (i.e. h^ 0). 
Substituting the exponential form (4.2) into (2.32) yields the 
differential equation governing the motion of edge waves over the beach 
profile (4.33) as 
L g 
C - 0, 
(4.36) 
where the z-axls has been chosen vertically upwards and the y-axls 
along the coastline so as to form a right-handed system. 
The transformations 
and 
where 
X = 
Z = , 
,2 _ H 2 a2-f2 
(4.37) 
(4.38) 
(4.39) 
reduce (4.36) into the Hypergeometric differential equation 
X(l-X) [(2s+l)-(2s+2)X]|| - (s2-t2-fs+t)Z = 0, 
where 
1+(1-4(I!!£ _ 4 ) ) ^ 
aa a 
(4.40) 
(4.41) 
Thus, with (4.16) and (4.38), the general wave height solution, over 
the beach profile (4.33), may be written in terms of the Hypergeometric 
function F(a,b,c;z) as 
,-s 
C = AX®F(s+t,s-t-fl,2s-fl;X)+BX F(-s+t ,-s-t+l,l-2s;X). (4.42) 
From (4.37), the seml-inflnite beach (4.33) has the transformed 
depth function 
h = ho(l-x), 0 < X $ 3. (4.43) 
Since this profile has a vertical barrier at the coastline (X=3) the 
appropriate boundary condition is (2.33). Also, since the depth 
function (4.43) tends to a finite depth at infinity (X 0), the off-shore 
trapping condition (2.35) is sufficient. Transforming (2.33) and (2.35) 
yields the boundary conditions as 
and Ç 0 , X 0, (4.45) 
which together with the general solution (4.42) govern the dispersive 
properties of edge waves over the semi-infinite beach (4.43). 
4.2.2 Dispersion Relation 
The general solution (4.42) satisfies the trapping condition 
(4.45) only if s^ > 0 and B « 0. Thus the general wave height solution 
for edge waves over the beach profile (4.33) may be written as 
Ç = AX®F(s+t,s-t+l,2s+l;X), (4.46) 
together with the following bound, from (4.39), 
^ ^ ^ - m2 < 0 , (4.47) 
gho 
on frequency and wave number. This bound is simply the high frequency 
cut-off (3 .36 ) , expected for trapped waves over any monotonie depth 
profile tending to a finite value at infinity (ho). 
Substitution of (4.46) into the coastal boundary condition (4.44) 
yields the dispersion relation for edge waves over the margin as 
aa F(8+t,s-t+l,2s+l;3) + 3 F(s+t+l,s-t+2,2s+2,6) = 0, 
(4.48) 
where the Hypergeometrlc series in (4.48) are absolutely convergent for 
el < 1 and conditionally convergent for |3| » 1 (Erdelyl, 1953:57). 
In the limit as 3 -»- 1 (hg 0 ) , the coastal boundary condition is 
replaced by the requirement (2 .34) . Convergence of the solution (4.46) 
then requires the Hypergeometrlc series to terminate i . e . 
s-t+1 = -n, n « 0 , 1 , 2 , . . . . (4.49) 
From (4 .41 ) , (4.49) may be written as 
» + (n+s)(l+n+s), n = 0 , l , 2 , . . . , (4.50) 
a SLO 
which is the dispersion relation given by Ball for edge waves over the 
concave exponential profile (4.35) having zero depth at the coastline. 
For concave exponential beach profiles having non zero depth at the 
coastline (3 D the dispersive properties are defined by (4 .48) . 
In a recent Investigation of cresentlc sand bars, Clarke (1974b) 
has shown that the near shore bathymetry of a straight section of the 
New South Wales coastline, known as Red Beach, can be approximated by the 
concave exponential depth profile (4.35), with h^ = 36.6m and 
a = l/1200m He comments that the observed bars (having a longshore 
periodicity of 450m and with the bars and horns about 250m and 80m 
off-shore respectively) conform to those which would be generated by a 
first order edge wave over the margin, having a wavelength of 900m and 
a period of 83.6 sec. The corresponding theoretical bar and horn 
distances are given by Clarke as 241m and 79m, respectively. It is 
interesting to note, however, that the introduction of a vertical barrier 
at the coastline may lead to drastic changes in these bar and horn 
distances. 
Consider, for example, the concave exponential beach profile 
(4.33), with ho = 36.6m, a = l/1200m""^ and 3 = 0.95. For this bottom 
topography, equation (4.48) suggests that cresentic sand bars, with a 
long shore periodicity of 450m, could be formed by a first order edge 
wave having a period of 72 sec. However, since the corresponding bar 
and horn distances are given from (4.46) as 354m and 127m respectively, 
it is clear that these bars would form considerably further off-shore 
than those described by Clarke. 
On the other hand, it is possible that the observed bars could 
conform to the near shore sand bar of the pair of possible bars of the 
second order edge wave (n=2), having a longshore wavelength of 900m. 
The corresponding edge wave period is given from (4.48) as 60 sec, 
while the off-shore positions of the resulting bars and horns are given 
from (4.46) as 227m and 95m, respectively. These distances are within 
the error bounds for the bar and horn distances observed by Clarke« 
In viev7 of the observed sensitivity of the bar configuration 
to the near shore bathymetry, it is clear that there must be a dynamic 
interaction between the wave action and the beach morphology. It is 
also clear that this interaction must be an important factor in the 
study of sediment transportation on beaches. 
3 Concluding Remarks 
The need for improved shape modelling of the continental margin 
has been discussed by Clarke (1970a). His analysis examines the severe 
effects of Inadequate modelling of the deep ocean region and of the 
depth at the shore. In this thesis, Chapter 3 has presented a detailed 
examination of the effects of shelf truncation and the perturbation of 
shelf parameters on the properties of edge waves over a convex 
exponential margin. The results of that investigation suggesting the 
desirability of shelf models that allow for independent variation of the 
near shore shelf parameters hg and h¿ as well as the off-shore parameter 
^L ^^^ ̂oo)-
Exponential depth profiles have been shown to be well suited for 
approximately the topography of certain near-shore beach profiles 
(e.g., Huntly and Bowen), as well as the overall shape of the continental 
margin (e.g., Buchwald and Adams). This chapter has presented the 
dispersive properties for both a generalized, three parameter, exponential 
beach profile as well as for a generalized exponential shelf profile. 
In particular, the effects of Independent variations in the physical shelf 
parameters h«, h* and h. were investigated for high frequency waves over 
the convex exponential shelf (4.1). It was shown that variations in the 
near shore shelf parameters h^ and hg have a fundamentally different 
effect on the dispersive properties of these waves, than changes in the 
off-shore shelf parameters. 
5. PROPAGATION OF T(DAL WAVES AROUND LARGE BAYS AND GULFS 
Irish and Snodgrass (1972) have noted that the observed diurnal 
tide, along the south coast of Australia, can be interpreted as a 
Kelvin wave trapped over the adjacent margin. More recently Louis and 
Radok (1975) have observed that large bays and gulfs at lower 
latitudes, e.g. the Joseph Bonaparte Gulf, appear to support high 
2 
frequency > l) tidal oscillations propagating in both directions 
around the gulf. 
In this chapter the properties of simple harmonic edge waves 
travelling around a constant depth circular region are examined. In 
particular, it is shown that a circular gulf is capable of supporting 
high frequency tidal oscillations propagating both clockwise as well 
as anti-clockwise around the gulf. However at higher latitudes, 
a2 
where the principal tidal components lie in the region < 1, the 
circular gulf model can only support such low frequency oscillations 
travelling clockwise (in the Southern Hemisphere) around the gulf. 
Applications of this theory are given to explain the tidal 
behaviour in the Joseph Bonaparte Gulf and the Gulf of Carpentaria. 
5.1 The Circular Gulf Model and its Solution 
Consider the tidal behaviour in a simple circular gulf model, 
radius (a) and with constant Coriolis parameter (f) and depth (H). 
Choosing polar co-ordinates (r,e) in the horizontal plane, then the 
differential equation for the time reduced wave height C* 
(where c = C*e and associated boundary conditions, governing time 
periodic motion in the region, are given by (2.41), (2.42) and (2.43) 
viz. 
r ^ J e ^ ^ ¡5 (5.1) 
with 
1 - + i i i l . 
3r a r 96 0, r = a (5.2) 
and 
C* finite 0 . (5.3) 
It is assumed that, upon entering the gulf, the tidal components 
travel around it as circular simple harmonic waves with frequency (<j) 
and angular wave number (n) 
i.e. 
i(n0-at)-, V ^ = r R(r). (5.4) 
Combining (5.4) with (5.1), (5.2) and (5.3) yields the differential 
equation for the radial component of the motion as 
• R = 0 (5.5) 
together with the boundary conditions 
dR fn 
dr or R = 0, r = a, (5.6) 
at the coastline and 
R finite, r = 0, (5.7) 
at the centre of the gulf. Hence, the general wave height solution 
may be written, from (5.5) with (5.4), as 
i(ne-at) Ç = e |AJn(Kr) + BYn(Kr)| , (5,8) 
where 
k2 = > 0. (5.9) 
In the case where k^ < 0, an alternative form of the solution (5.8) may 
be given in terms of modified Bessel functions. However, for tidal 
motion in the Joseph Bonaparte Gulf and the Gulf of Carpentaria, where 
|f|< A.5 X rad/sec, both the semi-diurnal and the diurnal tidal 
components have frequencies greater than the fiducial frequency 
(i.e. K^ > 0). Hence the appropriate form of the wave height solution 
in these regions is given by (5.8). 
Applying the boundary conditions (5.6) and (5.7) to the general 
solution (5.8) yields the dispersion relation for high frequency waves 
(a^ > f2) in the circular gulf as 
- f . (5.10) Ka J^(Ka) f 
This dispersion relation is the same as that obtained by Krauss 
(1973:147) to give the frequencies of the discrete modes (n = 0,1,2...) 
possible in a closéd circular basin. As the circular gulf is not 
closed, however, the present analysis no longer requires n to be 
integral. The angular wave number, of a particular tidal component 
travelling around the gulf, being determined from (5.10) according to 
its frequency. 
The dispersion curves defined by (5.10) have two distinct 
branches depending on the sign of ~ . If ~ is positive, the rotation 
of the wave is in the same direction with that of the earth (clockwise 
around the gulf), and if negative, the rotation is in the opposite 
direction. The separation of the two dispersion curves is a conséquence 
of the characteristic frequency split [Reid (1958)] induced by the 
rotation of the earth. Thus, the circular gulf model is capable of 
supporting high frequency tidal oscillations propagating both clockwise 
and anti-clockwise around the gulf. 
For large bays and gulfs at higher latitudes (where f| is larger), 
tidal solutions of (5.10) may occur in the region -pr < 1. For these 
low frequency tidal oscillations, K^ < 0, and an alternative form of 
the dispersion relation (5.10) may be given as 
n Ijj(Ma) 
(5.11) Via i;(Ma) f ' 
where » -K^. However, this dispersion relation has only one branch. 
corresponding to a Kelvin wave type of solution with ^ This 
singular low frequency mode merges into the zeroth order high 
frequency mode > 1) at the fiducial frequency a = f. Since the 
left hand side of the dispersion relation (5.11) is positive always, 
there are no solutions of (5.11) in the region -1 < J < the zercth 
order high frequency mode < -1) tending towards ~ = -1 as n 0. 
Thus, the circular gulf model can only support low frequency 
tidal oscillations, such as the diurnal tide in the Great Australian 
Bight, whose direction of propagation is the same as that of a Kelvin 
wave (clockwise around the Bight). This is in agreement with the 
observations of Irish and Snodgrass (1972) who note that the diurnal 
tide appears to propagate as a Kelvin wave from west to east around 
the Great Australian Bight. 
5.2 Application to Tidal Behaviour in the Joseph Bonaparte Gulf 
The Joseph Bonaparte Gulf is situated in the Timor Sea as part 
of the wide continental shelf bordering North Western Australia. 
Figure (5.1) displays the location of the circular gulf approximation, 
with a = 190km and H = 80m, in relation to the topography of the gulf. 
The phase angles [Australian National Tide Tables 1974 (1973)] 
of the Oi and Kj tidal components show an increasing trend around the 
gulf from Lesueur Island to Darwin. The phase angles of the semi-
diurnal components (M2, S2) show a somewhat larger decreasing trend over 
the same region [Table (5.1)]. 
TABLE 5.1 
PHASE ANGLES OF THE PRINCIPAL TIDAL COMPONENTS AROUND THE 
JOSEPH BONAPARTE GULF 
Place Angle Around 
the Circular 
Gulf from 
Jar Island 
e 
M2 
T = 12.42 
(hrs) 
S2 
T = 12.66 
(hrs) 
23.93 
(hrs) 
Ol 
T = 25.82 
(hrs) 
Lesueur Island 15^ 197® 228® 326® 314® 
Lacrosse Islanc 5 3 0 156® 208® 326® 303® 
Turtle Point 70® 206® 258® 346® 323® 
Pearce Point 82® 197® 250® 343® 319® 
Port Keats 90® 168® 222® 340® 315® 
Daly River 118® 139® 194® 336® 310® 
Byrno Harbour 138® 158® 216® 334® 315® 
Darwin 145® 160® 224® 343® 324® 
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FIGURE 5.1 
Joseph Bonaparte Gulf. The position of the circular gulf is shown in relation 
to the 35 m and 90 m depth contours. 
o 
LA:) 
These phase trends suggest that the diurnal components of the 
tide travel as progressive waves anti-clockwise around the gulf, 
while the semi-diurnal waves travel clockwise around the gulf. This 
existence of waves travelling in both directions around the gulf 
implies that the simple Kelvin wave analysis, as used by Irish and 
Snodgrass (1972) to explain the phase variations in the diurnal tide 
along the south coast of Australia, is inappropriate in this instance. 
However, the circular gulf model is capable of supporting high frequency 
waves, such as the Oi, and K^ tidal components in the Joseph Bonaparte 
Gulf, whose direction of propagation is opposite to that of a Kelvin 
wave. Figure (5.2) displays the dispersion curves for the circular 
gulf model with parameters appropriate to the Joseph Bonaparte Gulf. 
Only the zero order modes are illustrated, because, as will be shown 
in section (5.4), a circular gulf with these dimensions cannot support 
higher order oscillations at tidal frequencies. 
In Figure (5.3) the phase angles of the Oĵ , Kĵ , M2 and $2 tidal 
components, at various stations around the Joseph Bonaparte Gulf, have 
been plotted v.s. angular displacement (6) around the circular gulf. 
The linear fit to these points corresponds to the phase lag, around the 
gulf, predicted by the circular gulf model. Good agreement is observed 
between the predicted and observed phase trends of the 0^, and K-ĵ  tidal 
components around the gulf. The predicted phase lags for the semi-
diurnal components around the gulf, while not explaining the detailed 
behaviour of the observed phase angles, does correlate well with the 
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FIGURE 5.2 
Dispersion curves for tidal waves in a circular gulf with H = 80 m, 
a = 190 Km, g = 9.78 m/sec and f = -3.024 x 10"^ rad/sec. 
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Phase angles of Ca) the and S2 and (b) the K^ and M2 tidal 
components around the Joseph Bonaparte Gulf. The straight lines 
correspond to the phase trends predicted by a circular gulf model 
with H = 80 m and a = 190 Km . 
general trend towards lower phase angles clockwise around the gulf. 
5.3 Application to Tidal Behaviour In the Gulf of Carpentaria 
The observed phase angles [Australian National Tide Tables 1974 
(1973)] of the principal tidal components, at various stations around 
the Gulf of Carpentaria, are given in Table (5 .2) . 
TABLE 5.2 
PHASE ANGLES OF THE PRINCIPAL TIDAL COMPONENTS AROUND 
THE GULF OF CARPENTARIA 
Place 
Angle Around 
The Circular 
Gulf From 
Gove ( e ) 
^2 
T = 12.42 
(hrs) 
^2 
T = 12.66 
(hrs) 
Kl 
T » 23.93 
(hrs) 
T = 25.82 
(hrs) 
Gove 0® 242® 324® 87® 18® 
Caledon Bay 10® 260® 350® 40® 340® 
Port Langdon 36® 266® 6® 349® 309® 
Milner Bay 36® 302® 21® 346® 284® 
Rose River 45® 71® 252® 24® 284® 
Port McArthur 80® 45® 137® 356® 270® 
Turtle Island 80® 37® 118® 351® 263® 
Bayley Island 135® 14® 106® 343® 267® 
Sweers Island 145® 204® 45® 338® 270® 
Karumba 155® 180® 326® 331® 257® 
Weipa 245® 149® 215® 217® 160® 
The observed phase trends in the and K^ components suggest 
that the diurnal components of the tide are travelling as progressive 
waves clockwise around the gulf. Figure (5.4) compares these observed 
phase trends with those predicted for a diurnal tidal wave travelling 
CiO 0) 
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Phase angles of (a) the and (b) the Kĵ  tidal components around 
the Gulf of Carpentaria. The straight lines correspond to the phase 
trends predicted by a circular gulf model with H = 80 m, a = 340 Km 
I 1 0 
clockwise around a circular gulf with a = 340km, H = 80m and whose 
centre is located inside the Gulf of Carpentaria. It may be seen that 
there is good agreement between the observed phase lags around the 
southern section of the Gulf of Carpentaria and those predicted by 
(5.10). This supports the predictions by Webb [Unpublished work, see 
for instance Austin (1972)], that the diurnal components of the tide 
behave as Kelvin waves travelling clockwise around an amphidrome 
centred in the gulf. A similar result has also been obtained by 
Williams and Buchwald (1973). Their model, however, predicts that the 
amphidrome is centred outside, rather than inside, the gulf. 
The phase angles of the semi-diurnal components in the Gulf of 
Carpentaria do not appear to have an obvious linear trend around the 
gulf [Table (5.2)]. This suggests that the semi-diurnal tide in the 
gulf is not controlled by a single amphidromic point. The circular 
gulf model is thus inappropriate. Both Webb and Williams & Buchwald 
agree that the semi-diurnal tide is not controlled by a single 
amphidromic point, but othen^ise give different predictions for the 
phase variations throughout the gulf. 
5.4 Higher Order Edge Wave Modes in a rircular Gulf 
In addition to the high frequency zero order modes displayed In 
Figure (5.2), the dispersion relation (5.10) also yields a discrete 
spectrum of higher order modes. It Is now proposed to examine the 
possibility of these higher order modes being present, at tidal 
frequencies. In the Joseph Bonaparte Gulf and the Gulf of Carpentaria. 
th 
For a fixed angular wave number (n), the s mode frequency 
solutions of (5.10) occur near the (s+1)^^ root of J^(Ka) [Figure (5.5)] 
I.e. from (5.9) Îa2-f2 i ' , - ~ Ka = a gH (s « 0,1,2,...). (5.12) 
The corresponding wave height solutions, which satisfy (5.7) viz. 
Ç = (5.13) 
have s circular nodal lines corresponding to the first s zeros of 
J^(Ka). The separation of the two s^^ mode solutions around ^^^ 
being a manifestation of the characteristic Corlolls spilt In frequency 
for waves travelling In opposite directions around the gulf. For the 
higher order oscillations (s = 1,2,...), this asymmetry reduces as 
n 0 and the two s^^ mode solutions tend to ^̂ ^̂  which tends to 
i' , from above. Hence, from (5.12), there exists a low frequency 
bound on the higher order s^^ mode dispersion curves viz. 
s+l«« + 1 (s = 1,2,...). (5.14) 
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FIGURE 5.5 
Behaviour of the roots of the dispersion relation (5.10) as n 0 . 
The curves illustrated are those appropriate to a circular gulf with 
H = 80 m , a = 190 Km at 13®S. and with n k -
Since j' - -»- 0 as n 0, from Figure (5.5), the zeroth order n, 1 
modes can exist in the circular gulf at all frequencies down to and 
including the fiducial frequencies a^ = f^. This includes both the 
diurnal and semi-diurnal tides in the Gulf of Carpentaria and the 
Joseph Bonaparte Gulf. 
However, since ^^^ = 3.8317, 7.0156... (s = 1,2,... etc), 
the inequality (5.14) provides a progressively stronger low frequency 
bound on the higher order dispersion curves. For example, the bound 
(5.14) requires that T < 3.1 hours and T < 5.5 hours for first order 
oscillations to exist in a circular gulf with physical dimensions 
appropriate to the Joseph Bonaparte Gulf and the Gulf of Carpentaria, 
respectively. 
Figure (5.6) displays the range of physical parameters a and H, 
for which the circular gulf model can support first order oscillations 
having a period of 12 hours. The cut-off line corresponds to the bound 
(5.14) at n = 0, i.e., a standing wave in the 6 direction. Again, it 
can be seen that the physical dimensions of the Joseph Bonaparte Gulf 
and the Gulf of Carpentaria lie well outside the region supporting first 
order modes. Thus, it appears unlikely that either of these gulfs can 
support higher order oscillations at tidal frequencies. 
140 r-
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FIGURE 5.6 
Range of physical parameters for which a circular gulf (at ~ 13°S.) can support 
1st order waves with a period of 12 hours. The cut-off line for 1st order 
solutions corresponds to n = 0 i.e., a standing wave in the 0 direction. 
5.5 Concluding Remarks 
On the basis of observed coastal phase angles, the diurnal tidal 
wave appears to flow onto the wide continental shelf bordering North 
Western Australia and propagate as a progressive wave clockwise around 
the Gulf of Carpentaria and anti-clockwise around the Joseph Bonaparte 
Gulf. The situation for the semi-diurnal tide is more complex, 
particularly in the large expanses of shallow water throughout the Gulf 
of Carpentaria, where the effects of dissipation appear to be significant. 
In this gulf no simple phase trends are observed in the semi-diurnal 
tide. This suggests that the presence of a semi-diurnal tidal wave, 
travelling around the Gulf of Carpentaria, is unlikely. However, there 
does appear to be a semi-diurnal tidal wave propagating clockwise 
around the Joseph Bonaparte Gulf. 
The results of this chapter have shown that the overall phase 
trends, in the Joseph Bonaparte Gulf and the Gulf of Carpentaria, can 
be explained in terms of high frequency edge waves propagating around 
a simple circular gulf. It would also appear that before the detailed 
phase variations throughout these gulfs can be explained, a model that 
takes full account of bottom friction and variations in the Coriolis 
parameter as well as local topography around the gulf needs to be 
examined. 
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EDGE WAVES OVER A TRENCH-RIDGE TOPOGRAPHY ADJOINING A STRAIGHT 
COASTLINE ~ ~ 
It has been established for some time [Stokes (1846)] that wave 
energy may be trapped by near shore topography in the form of edge 
waves which propagate parallel to the coastline and decay exponentially 
into the open ocean. More recently, the possible generation of long 
waves in mid-oceanic regions and the subsequent propagation of this 
energy along mid-oceanic wave guides has been examined by various 
authors (see Chapter 1). 
Step models have been used extensively to approximate the 
topography of both these coastal as well as mid-oceanic wave guides 
e.g. single step continental shelf, Larsen (1969); mid-oceanic ridge, 
Buchwald (1968); step discontinuity in depth, Longuet-Higgins (1968a). 
Here the dispersive properties are presented for long waves over a 
step trench-ridge topography adjoining a semi-infinite straight 
coastline. Both the coastal and mid-oceanic boundary waves considered 
by the above authors are shown to the limiting cases of the long wave 
forms possible over this step trench-ridge topography. 
An application of this model is given to explain the behaviour 
of low frequency edge waves along the coast of Oregon. 
I 17 
6.1 The Step Trench-Ridge Model and its Solution 
Consider the following continental margin consisting of a 
rectangular ridge of width a and depth h2, separated from a semi-
infinite straight coastline by a trench of width L and depth h-̂  and 
adjoining an ocean of constant depth h^. Choosing a right handed 
rectangular co-ordinate system, with z vertically upwards and the 
y-axis along the coastline, then the depth function h may be 
represented by 
h = 
hi X < L , 
ho, L ^ X < L+a, (6.1) 
h3 X L-fa, 
where 
h3 ^ h]̂  > h 2 * (6.2) 
If we denote the region of depth h^ by the suffix j, and seek 
solutions periodic in time t, then the equations of long waves in the 
three regions are, from (2.24) 
C4 = 0 . (J - 1,2,3), (6.3) 
where V^ denotes the two dimensional Laplaclan 
the surface displacement in region J. 
^32 :2 1 
3x2-+ 
and is 
Assuming periodic solutions in the longshore direction, i.e., 
r ocG^^y (j = 1,2,3), (6.4) 
then (6.3) may be written as 
- r k . = 0, 'j'-j (j - 1.2,3), (6.5) 
where 
m 2 _ 
ghj ' (j = 1,2,3), 
(6.6) 
and where m is the longshore wave number. 
The general solution of (6.5) may be written as 
Cj = Aje'^'j'' + Bje'^j'' , (j - 1,2,3), (6.7) 
where, if rj2 < o, the solution has sinusoidal rather than exponential 
behaviour. 
At a discontinuity in depth the boundary conditions (2.25) and 
(2.26) require that the wave height (c) and the normal component of 
horizontal transport (hu) be continuous across the step. The rigid 
wall at the coastline may be considered equivalent to h = 0. Thus, 
the boundary conditions may be written as 
dx 
mf 
Ci = 0, X = 0, (6.8) 
and 
hi 
dCl mf 
dx a 
= h. 
X = L, (6.9) 
and 
= 
X = L + a (6.10) 
<iC2 mf = h. 
dC3 mf 
Solutions in the form of trapped waves over the margin require 
the additional boundary condition (2.35) i.e. 
C3 0 X (6.11) 
This later boundary condition (6.11) requires that the behaviour of the 
solution in region 3 be exponential with B3 = 0 and yields 
(6.12) 2 cj^-f^ ^ n m^ > 0, 
gh3 
as a bound on frequency and wave number for trapped solutions over the 
margin. 
Applying the boundary conditions (6.8), (6.9) and (6.10) to the 
solution (6.7), and writing 
and 
ai 
a. 
a' 
^ mf r, + — , 
1 a 
a. r2 + — J 
^ o 
31 - r^ -
32 " ^2 -
mf 
a 
mf 
63 
mf 
To - — » 
yields the following set of simultaneous equations for the remaining 
unknown coefficients Aj and Bj, 
-Aj^hjo^e + Bjh^gie'^l^ + A2h2a2e - = 0 
- A 2 h 2 a 2 e - ' ^ 2 + B2h2B2e'^2(L+a) ̂  Aghjage-'^siL+a) ̂  ̂ ^ 
(6.13) 
The condition that these equations have a non-trivial solution 
is 
•«1 
-e 
0 
-r2L 
0 
0 
0 
0 
0 
-h^cxie"''!^ hi^ie""^^ 
0 
0 
0 
^-r2(L+a) ^r2(L+a) _^-r3(L4-a) 
= 0, 
which, after some manipulation, yields the dispersion relation for 
trapped waves over the margin as 
^)Tanh(riL)}{^ Tanh(r2a)-y3(r34- ^)Tanh(r2a)-r2 
— Tanh(r a 
where 
and 
iL)}{m3( J > r2+ ^ Tanh(r2a) +(r2+ ^)(r2- ^)Tanh(r2a) 
P3 
(6.15) 
6.2 Limiting Forms of Solution 
The limiting forms of the above dispersion relation (6,14) may 
be grouped into two classes. Firstly, in the limit as L 0, a 0 
or a equation (6.14) reduces to that given by Larsen (1969) for 
long waves over a single step topography. In the latter case a double 
Kelvin wave, as discussed by Longuet-Higgins (1968a), also exists along 
the discontinuity at infinity. For example, as a the dispersion 
relation (6.14) reduces to 
/ • inf V r2Coth(r2L) + mf Ml 
or 
mf ,mf . X 
= 0, (6.16) 
(6.17) 
Equation (6.16) is simply the dispersion relation, given by Larsen, 
for long waves over regions 1 and 2 while (6.17) represents a double 
Kelvin wave propagating along the discontinuity between regions 2 and 3. 
The second limiting case occurs for large ridge-coastline 
separations. When r^L > 2, Tanh r^L ~ 1 and the dispersion relation 
(6.14) reduces to 
mf 
Tanh(r2aH(p3-p^)r2 
mf 2 
+ (p3-l)(y^-l)Tanh(r2a)- 0 , 
(6.18) 
or 
1 nif r\ 
r, + — = 0. 
1 a 
(6.19) 
The dispersion relation (6,18) corresponds to mid-oceanic ridge waves 
with an exponential profile, as opposed to the trignometric solutions 
discussed by Buchwald (1968), while (6.19) represents a Kelvin wave 
trapped against the coastline in region 1. If the width of the ridge 
(a) also becomes large (Tanh r2a - 1) then these exponential ridge 
waves further reduce to a pair of double Kelvin waves. Also, letting 
f « 0 and writing r^^ = then (6.18) reduces to 
(p^r^ + P3r3)r2 - ( ^ i ^ a V s " V ' (6.20) 
which is the form of the dispersion relation (6.18) used by 
Buchwald (1968) to examine the properties of high frequency waves 
over a mid-oceanic step ridge. 
From the above discussion, it would appear that the presence 
of a nearby coastline will begin to have a significant effect on these 
mid-oceanic ridge waves whenever 
2 
8h, 
where it has been assumed that r^^ > 0 for an exponential solution 
over region 1. Further, (6,21) implies that a nearby coastline is 
likely to have a greater influence on the behaviour of low frequency, 
rather than high frequency, ridge waves. 
6.3 Dispersion Relation: Quasigeostrophic Waves 
Quasigeostrophic waves are characterized by having relatively 
lower frequencies and higher wave numbers. Hence an approximate 
expression for the dispersive properties of these low frequency waves 
can be obtained by letting 
m^ >> 
i2-f2 
gh^ , (j = 1,2,3). (6.22) 
Thus, from (6.6) 
r^i^m , (j « 1,2,3), (6.23) 
and the dispersion relation (6.14) may be written as 
a2H(m) - aG(m) - F(m) = 0, (6.24) 
where 
F(m) = (iJi-l)(u3-l)Tanh(mL)Tanh(ma), 
fG(m) = (u3^-l)Tanh(inL)Tanh(ma)4-(pj^-y3)Tanh(mL)-(yj^-l)Tanh(ma), 
and 
f^H(in) = Piy3Tanh(inL)Tanh(ma)+vjiTanh(inL)+Tanh(ma)+p3. 
Hence, from (6.24), the two step topography defined by (6.1) can only 
support two quaslgeostrophic edge wave modes whose frequencies are 
given by 
^ _ G(m) ± /G-^(m) + 4H(m)F(m) 
(6.25) 
2H(m) (6.26) 
Similarly, the group velocity Cg of these waves is given, from (6.24), 
as 
r - a^H'(m) - aG'(m) - F'(m) .. 
G(m) - 2aH(m) ' 
where a dash denotes differentiation with respect to m. 
In particular, for the trench-ridge topography defined by 
(6.2), equations (6.15) and (6.25) imply that the product H(m)F(m) > 0, 
always. Thus the frequency equation (6.26) has two real solutions 
of opposite sign. Hence this margin can support two low frequency 
wave modes, travelling in opposite directions along the coast, and 
whose frequencies are given by (2,26). 
6.4 Application to Low Frequency Oscillations Along the 
Coast of Oregon 
The continental margin off the coast of Oregon, along 44®N, 
may be represented by the step topography (6.1) with h^ = 140m, 
h2 = lOOm, h3 = 2km, L = 70km and a = 40km. The dispersion curves 
appropriate to this margin are ^picted in Figure (6.1) while the 
corresponding phase and group velocity curves are illustrated in 
Figure (6.2). It may be seen from Figure (6.1) that, as predicted in 
section (6.3), this margin can support edge wave modes travelling in 
both directions along the coastline. However, from Figure (6.2), the 
phase and group velocities of the northward propagating mode 
(j negative) are considerably higher than the corresponding velocities 
for the southward travelling waves (^ positive). 
It is interesting to note that the maximum frequency for the 
north-south propagating mode corresponds approximately to the 
frequency of the .22 c.p.d. disturbance, reported by Cutchin and 
Smith (1973), over the Oregon Continental Shelf. However, on the 
basis of phase differences in coastal sea levels between Newport and 
Astoria they suggest that this disturbance is travelling from south 
to north with a wavelength of either 1620 km or 170 km. From 
Figure (6.1), these wavelengths could correspond to either a northward 
travelling wave at .38 c.p.d. or a southward travelling wave at 
.16 c.p.d. respectively. 
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FIGURE 6.1 
Dispersion Curves for low frequency waves over a step trench ridge topography with 
parameters h^ = 140 m , h2 = 100 m , h3 = 2000 m , L = 70 Rm and a = 40 Km . 
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FIGURE 6.2 
Phase and group velocity curves for low frequency waves over a step 
trench ridge topography with parameters h-
h^ = 2000 m, L = 70 Km and a = 40 Km. 
= 140 m, h^ = 100 m, 
In an earlier investigation Mooers and Smith (1968) reported 
similar low frequency fluctuations in adjusted mean sea levels, along 
the Oregon coast, indicating the presence of a wave like disturbance 
with a frequency of .1 c.p.d. but travelling from north to south. 
From the dispersion curves [Figure (6.1)] it appears that low 
frequency oscillations, with frequencies in the range .1 c.p.d. -
.22 c.p.d,, can propagate from north to south over this margin. Further, 
from Figure (6.2), the group velocity of these waves is quite small 
(<.75 m/sec). This tends to support the conjecture, of Mooers and 
Smith (1968), that these low frequency disturbances travel from north 
to south in resonance with the atmospheric pressure systems. Also, 
although this trench-ridge system is limited in longitudinal extent, 
this resonance with moving atmospheric pressure systems may explain the 
prominent low frequency peak in the coherency spectra, as given by 
Cutchin and Smith (1973). However, the theoretical wave length and 
phase speed of these southward travelling waves is rather low compared 
to the length and velocity scales associated with atmospheric pressure 
systems. 
Figure (6.3) shows the wave height profiles, over the margin, 
for three selected wave lengths. The topography in Figure (6.3d) may 
represent the situation where a ridge merges with a nearby coastline. 
At short wave lengths [Figure (6.3a)], two exponential ridge modes, 
having similar properties to double Kelvin waves may occur trapped over 
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FIGURE 6.3 
Wave height normal to the coastline for low frequency waves, over a 
step trench ridge topography, having long shore wavelengths of 
(a) 127 Km (b) 209 Km and (c) 628 Km. The appropriate margin 
parameters are (d) hj = 140 m , h2 = 100 m , h3 = 2000 m , L = 70 Km 
and a = 40 Km. 
the margin. 
As predicted by equation (6.21) the presence of the nearby 
coastline begins to have a significant effect on these quasigeostrophic 
ridge modes when their wavelength is of the order of three times the 
ridge-coastline separation [Figure (6.3b)]. At longer wave lengths 
(X > 3L), there is a transfer of energy from the off-shore ridge mode 
to the coastline [Figure (6.3c)]. For these waves the margin approximates 
a simple step shelf. It may also be seen, from Figure (6.3), that the 
in-shore ridge mode remains relatively unaffected by the presence of the 
nearby coastline. 
6.5 Concluding Remarks 
It is clear that if the restriction (6.2) is relaxed, the depth 
function (6.1) could be used to approximate a variety of continental 
margins. For example, if ĥ ^ $ h2 ^ h^, then (6.1) could represent a 
two step continental shelf, etc. 
In this chapter a particular application of (6.1) has been given 
to examine the trapping of long waves over a uniform ridge of rectangular 
cross section adjoining a semi-infinite straight coastline. It has 
been shown that when the separation of the ridge from the coastline is 
large the solutions reduce to those, given by Buchwald (1968), for a 
mid-oceanic ridge. 
However, as well as the high frequency solutions obtained by 
Buchwald there are also two low frequency modes, one trapped on either 
side of the ridge. These low frequency ridge modes further reduce to 
the double Kelvin waves observed by Longuet-Higgins (1967a) as the 
width of the ridge becomes large. 
As the separation between the ridge and the coastline is reduced, 
the effect of the coastline becomes significant, and there may be a 
transfer of long wave length energy from the off-shore ridge mode to 
the coastline. The in-shore ridge mode remains relatively unaffected 
by the presence of the nearby coastline. 
7. GENERAL CONCLUSIONS 
Within this thesis the linearized longwave equations have been 
solved fully for trapped boundary wave solutions over a number of 
continental margin profiles. In the analysis, full account has been 
taken of the effects of horizontal divergence and the earth's rotation. 
Consequently, analytic solutions have been presented both for the high 
frequency inertiogravitational waves as well as for the low frequency 
quasigeos t rophic waves. 
In the early chapters a full investigation has been made into 
the effects of shelf truncation and the perturbation of shelf parameters 
on the dispersive properties of both high and low frequency edge waves 
over a convex exponential shelf profile. The principle conclusions 
of this investigation are. 
(I) The off-shore trapping criterion, ç 0 as x ceases to 
be a constraint on the motion of shelf waves over the semi-
il. Lini te shelf profile. This condition is then redundant 
to the solution and needs to be replaced by the stronger 
requirement that, the horizontal transport (hu) be zero at 
infinity. 
(II) With this stronger trapping criterion, there are no 
quasigeostrophic edge wave solutions over the semi-infinite 
shelf. 
(Ill) The dispersion curves for inertiogravitational waves over 
both the truncated and non-truncated margins are almost 
identical except that, for the shelf of finite width, there 
exists a high frequency cut-off. 
(IV) The dispersive properties of both classes of edge waves are 
highly sensitive to changes in the physical shelf parameters 
viz.; initial depth at the shore (hg), initial slope at the 
shore (h*) and shelf width (L). o 
Further, variations in the near-shore shelf parameters appear 
to have a fundamentally different effect on the dispersive properties 
of high frequency edge waves, than changes in the off-shore shelf 
parameters. 
With this latter point in mind, chapter 4 has presented the 
analytic solutions for both a generalized (three parameter) convex 
exponential shelf profile as well as for a generalized concave 
exponential beach profile. The use of these generalized depth profiles 
will allow for independent variations in the physical shelf parameters 
h , h* and L; this has not been possible with the two parameter depth s s 
profiles considered previously. 
The remaining chapters consider margin profiles of a more general 
nature. In chapter 5 it has been shown that the propagation of tidal 
waves around large bays and gulfs may be explained in terms of simple 
harmonic edge waves travelling around a constant depth circular gulf. 
In particular, the observed phase trends in the Joseph Bonaparte Gulf 
were shown to be well correlated with those predicted for a circular 
gulf with a radius of 190km and a depth of 80m. 
Finally, chapter 6 has examined the possible interaction of 
trapped mid-oceanic boundary waves with a nearby coastline. Analytic 
solutions were found for a step trench-ridge topography adjoining a 
straight coastline. In particular, it was shown that as the separation 
between the ridge and the coastline reduces, there may be a transfer 
of long wave length energy from the off-shore ridge mode to the coastline. 
The in-shore ridge mode remains relatively unaffected by the presence 
of the nearby coastline. 
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